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In laying this work before the public, I think it right 
to state the object for which it was originally composed, 
and the circumstances which have in some degi^ee 
changed its destination. 

The treatise was originally designed for a class of 
readers who might be supposed to possess a moderate 
acquaintance with the phaenomena and the terms of 
astronomy ; geometrical notions sufficient to enable 
them to understand simple inferences from diagrams ; 
two or three terms of algebra as applied to numbers ; 
but none of that elevated science which has always 
been used in the investigation of these subjects, and 
without which scarcely an attempt has been made to 
explain them. I proposed to myself, therefore, this 
general design : to explain the perturbations of the 
solar system, as far as I was able, without introducing 
an algebraic symbol. 

It will readily be believed that, after thus denying 
myself the use of the most powerful engine of mathe- 
matics, I did not expect to proceed very far. In my 
progress, however, I was surprised to find that a general 
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IV PREFACE. 

explanation, perfectly satisfactory, might be offered for 
almost every inequality recognised as sensible in works 
on Physical Astronomy. I now began to conceive it 
possible that the work, without in the smallest degree 
departing from the original plan, or giving up the 
original object, might also be found useful to a 
body of students, furnished with considerable mathe- 
matical powers, and in the habit of applying them 
to the explanation of diflScult physical problems. 
With this idea, the treatise is now printed in a separate 
form. 

The utility of a popular explanation of profound 
physical investigations is not, in my opinion, to be 
restricted to the instruction of readers who are unable 
to pursue them with the powers of modern analysis. 
Much is done when the interest of a good mathema- 
tician is excited by seeing, in a form that can be easily 
understood, results which are important for the com- 
prehension of the system of the universe, and which 
can be made complete only by the application of a 
higher calculus. That such an interest has operated 
powerfully in our Universities, I have no doubt. How 
many of our students would have known anything of 
the Lunar Theory, if they had not been enjoined to read 
Newton's eleventh section? And how many at this 
time possess the least acquaintance with the curious 
and complicated, but beautiful, theory of Jupiter's satel- 
lites, of which no elementary explanation is laid before 
them ? But this is not all. The exercise of the mind 
in understanding a series of propositions, where the last 
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conclusion ia geometrically in close connexion with the 
first cause, is very different from that which it receives 
from putting in play the long train of machinery in a 
profound analytical process. The degrees of conviction 
in the two cases are very different. It is known to 
every one who has been engaged in the instruction of 
students at our Universities, that the results of the dif- 
ferential calculus are received by many, rather with the 
doubts of imperfect faith than with the confidence of 
rational conviction. Nor is this to be wondered at ; a 
clear understanding of many difficult steps, a distinct 
perception that every connexion of these steps is cor- 
rect, and a general comprehension of the relations of 
the whole series of steps, are necessary for complete 
confidence. An unusual combination of talents, attain- 
ments, and labour, must be required, to appreciate 
clearly the evidence for a result of deep analysis. I 
am not unwilling to avow that the simple considera- 
tions which have been forced upon me in the com- 
position of this treatise, have, in several instances, 
contributed much to clear up my view of points, which 
before were obscure, and almost doubtfuL To the 
greater number of students, therefore, I conceive a 
popular geometrical explanation is more useful than 
an algebraic investigation. But even to those who are 
able to pursue the investigations with a skilful use of 
the most powerful methods, I imagine that a popular 
explanation is not unserviceable. The insight which it 
gives into the relation of some mechanical causes and 
geometrical effects, may powerfully, yet imperceptibly. 
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influence their understanding of many others which 
occur in the prosecution of an algebraical process. The 
advanced student who exults in the progress which the 
modern calculus enables him to make in the Lunar or 
Planetary Theories, perhaps, hardly reflects how much 
of the power of understanding his conclusions has been 
derived from Newton's general explanations. 

The utility of such a work being allowed, it cannot, 
I think, be disputed that there exists a necessity for a 
new one. The only attempts at popular explanation in 
general use with which I am acquainted, are Newton's 
eleventh section, and a small part of Sir John Herschers 
admirable treatise on Astronomy. The former of these 
(the most valuable chapter that has ever been written 
on physical science), is in some parts very defective. 
Thus, the explanation of the motion of the line of apses 
is too general, and enters into particular cases too 
little, to allow of a numerical calculation being founded 
on it. The explanation of evection is extremely de- 
fective. The explanation of variation, however, and of 
alteration of the node and inclination, are probably as 
complete as can be given. The latter treatise, besides 
expanding some of Newton's reasoning, alludes to the 
long inequalities and secular disturbances of the planets, 
but not perhaps with suflScient accuracy of detail to 
supersede the necessity of further explanation. No 
popular work with which I am acquainted, alludes 
at all to the peculiarities of the theory of Jupiter's 
satellites. 

I have attempted in some degree to supply these 



PREFACE. VU 

defects ; with what success the reader must judge. As 
it was my object to avoid repetition of theorems, which 
are to be found in treatises on Mechanics and ele- 
mentary works on Physical Astronomy, and which are 
fully read and mastered by those who take much inte- 
rest in these subjects, and which, moreover, do not admit 
of popular explanation so easily as many of the more 
advanced propositions, I have omitted noticing them 
any further than the consistency of system seemed to 
require. Thus, with regard to elliptic motion, Kepler's 
laws, &c., I have merely stated results; because the 
investigation of these are familiar to the higher students, 
to whom I hope the other explanations may be useful ; 
and because without great trouble it did not appear 
possible to put the reasons for these results in the same 
form as those for other effects of force. I have, how- 
ever, alluded to some of the difficulties which are apt 
to embarrass readers in the first instance, as much for 
the sake of the reasoning contained in the explanation as 
for the value of the results. The only additions which 
I have thought it desirable to make for the benefit of 
readers of Newton, are contained in a few notes referring 
to one of Newton's constructions. 

To the reader who may detect faults in the composi- 
tion of the work, I can merely state in apology, that it 
has been written in a hurried manner, in the intervals 
of very pressing employments. I have only to add, 
that, holding a responsible situation in my University, 
I have always thought it 'my duty to promote, as far as 
I am able, the study of Physical Astronomy ; and that 
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if this treatise shall contribute to extend the knowledge 
of its phsenomena and their relation to their causes, 
either among the students of the University, or in 
that more numerous body for whom it was originally 
written, I shall hold myself well repaid for the trouble 
which it has cost me. 

G. B. Airy. 

Obsebvatoby, Gambbidob, 
March 9, 1834. 
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Section I. — On the Rules for ccdcvlMing Attraction, or 

the Law of Gravitation, 

(1.) The principle upon which the motions of the earth, 
moon, and planets are calculated is this : Every particle 
of matter attracts every other particle. That is, if there 
were a single body alone, and at rest, then, if a second 
body were brought near it, the first body would imme- 
diately begin to move towards the second body. Just 
in the same manner, if a needle is at rest on a table, 
and if a magnet is brought near it, the needle imme- 
diately begins to move towards the magnet, and we say 
that the magnet attracts the needle. £ut magnetic 
attraction belongs only to certain bodies ; whereas the 
attraction of which we speak here belongs to all bodies 
of every kind : metals, earths, fluids, and even the air 
and gases are equally subject to its influence. 

(2.) The most remarkable experiments which prove 
that bodies attract each other are a set of experiments 
made at the end of the last century by Mr. Cavendish. 
Small leaden balls were supported on the ends of a 
rod ^hich was suspended at the middle by a slender 
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wire ; and when large leaden balls were brought near 
them, it was found that the wire was immediately 
twisted by the motion of the balls. But the results of 
this experiment are striking, principally because they 
are unusual ; the ordinary force of gravity serves quite 
as well to prove the existence of some such power. 
For when we consider that the earth is round, and that, 
on all parts of it, bodies, as soon as they are at liberty, 
fall in directions perpendicular to its surface (and there- 
fore faU in opposite directions at the places which are 
diametrically opposite), we are compelled to allow that 
there is a force such as we call attraction, either directed 
to the centre of the earth, or produced by a great num- 
ber of small forces, directed to all the different particles 
composing the earth. The peculiar value of Cavendish's 
experiment consists in showing that there is a small 
force directed to every different particle of the earth. 

(3.) But it is necessary to state distinctly the rules 
by which this attraction is regulated, and by which it 
may be calculated ; or (as it is technically called) the 
law of gravitation. Before we can do this, we must 
determine which of the effects of attraction we choose 
to take as its measure. For there are two distinct 
effects : one is the pressure which it produces upon any 
obstacle that keeps the body at rest ; the other is the 
space through which it draws the body in a certain time, 
if the obstacle is removed and the body set at liberty. 
Thus, to take the ordinary force of gravity as an in- 
stance : we might measure it by the pressure which is 
produced on the hand by a lump of lead held in the 
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hand; or we might measure it by the number of 
inches through which the lump of lead would fall in a 
second of time after the hand is opened (as the pres- 
sure and the fall are both occasioned by gravity). 
But there is this difference between the two measures ; 
if we adopted the first, since a large lump of lead weighs 
more than a small one, we should find a different mea- 
sure by the use of every different piece of lead ; whereas, 
if we adopt the second, since it is well established by 
careful and accurate experiments that large and small 
lumps of lead, stones, and even feathers, fall through 
the same number of inches in a second of time (when 
the resistance of the air, &c., is removed), we shall get 
the same measure for gravity, whatever body we sup- 
pose subject to its influence. The consistence and 
simplicity of the measure thus obtained incline us to 
adopt it in every other case; and thus we shall say, 
Attraction is medsured by the space through which it draws 
a body in one second of time after the body is set at liberty » 

(4.) Whenever we speak, therefore, of calculating 
attraction, it must be understood to mean calculating 
the number of inches, or feet, through which the attrac- 
tion draws the body in one second of time. 

(5.) Now the first rule is this: "The attraction of 
one body upon another body does not depend on the 
mass of the body which is attracted, but is the same 
whatever be the mass of the body so attracted, if the 
distances are the same." 

(6.) Thus Jupiter attracts the sun, and Jupiter 
attracts the earth also ; but though the sun's mass is 

B 2 
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three hundred thousand times as great as the earth's, 
yet the attraction of Jupiter on the sun is exactly 
equal to his attraction on the earth, when the sun 
and the earth are equally distant from Jupiter. In 
other words (the attraction being measured in con- 
formity with the definition above), when the sun and 
the earth are at equal distances from Jupiter, the 
attraction of Jupiter draws the sun through as many 
inches, or parts of an inch, in one second of time as it 
draws the earth in the same time. 

(7.) The second rule is this: "Attraction is pro- 
portional to the mass of the body which attracts, if the 
distances of different attracting bodies be the same.** 

(8.) Thus, suppose that the sun and Jupiter are at 
equal distances from Saturn ; the sun is about a 
thousand times as big as Jupiter ; then whatever be the 
number of inches through which Jupiter draws Saturn 
in one second of time, the sun draws Saturn in the same 
time through a thousand times that number of inches, 

(9.) The third rule is this : " If the same attracting 
body act upon several bodies at different distances, the 
attractions are inversely proportional to the square of 
the distances from the attracting body.** 

(10.) Thus the earth attracts the sun, and the earth 
also attracts the moon; but the sun is four hundred 
times as far off as the moon, and therefore, the earth's 
attraction on the sun is only -nnmro^^ P^rt of its 
attraction on the moon; or, as the earth's attraction 
draws the moon through about -^th of an inch in one 
second of time, the earth*s attraction draws the sun 
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through 3^60600^ ^ of an inch in one second of time. 
In like manner, supposing Saturn ten times as far from 
the sun as the earth is, the sun's attraction upon Saturn 
is only one hundredth part of his attraction on the 
earth. 

(11.) The same rule holds in comparing the attrac- 
tions which one body exerts upon another, when, from 
moving in different paths, and with different degrees of 
swiftness, their distance is altered. Thus Mars, in the 
spring of 1833, was twice as far from the earth as in 
the autunm of 1832 ; therefore, in the spring of 1833, 
the earth's attraction on Mars was only one-fourth of 
its attraction on Mars in the autumn of 1832. Jupiter 
is three times as near to Saturn, when they are on the 
same side of the sun, as when they are on opposite 
sides; therefore, Jupiter's attraction on Saturn, and 
Saturn's attraction on Jupiter, are nine times greater 
when they are on the same side of the sun than when 
they are on opposite sides. 

(12.) The reader may ask, How is all this known to 
be true ? The best answer is, perhaps, the following : 
We find that the force which the earth exerts upon the 
moon bears the same proportion to gravity on the 
earth's surface, which it ought to bear in conformity 
with the rule just given. For the motions of the 
planets, calculations are made, which are founded upon 
these laws, and which will enable us to predict their 
places with considerable accuracy, if the laws are true, 
but which would be much in error if the laws were 
false. The accuracy of astronomical observations is 
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carried to a degree that can scarcely be imagined ; and 
by means of these we can every day compare the 
observed place of a planet with the place which was 
calculated beforehand, according to the law of gravita- 
tion. It is found that they agree so nearly, as to leave 
no doubt of the truth of the law. The motion of Jupiter, 
for instance, is so perfectly calculated, that astronomers 
have computed ten years beforehand the time at which 
it will pass the meridian of different places, and we 
find the predicted time correct within half a second of 
time. 

Section II. — On the Effect of Attraction upon a Body 
which is in Tnotion, and on the Orbital Revolutions of 
' Planets and Satellites. 

(13.) We have spoken of the simplest effects of attrac- 
tion, namely, the production of pressure, if the matter 
on which the attraction acts is supported (as when a 
stone is held in the hand), and the production of motion 
if the matter is set at liberty (as when a stone is 
dropped from the hand). And it will easily be under- 
stood, that when a body is projected, or thrown, in thQ 
same direction in which the force draws it (as when a 
stone is thrown downwards), it will move with a greater 
velocity than either of these causes separately would 
have given it ; and if thrown in the direction opposite 
to that in which the force draws it (as when a stone is 
thrown upwards), its motion will become slower and 
slower, and will, at last, be turned into a motion in the 



MOTION OF PKOJECTED STONE. 7 

opposite direction. We have yet to consider a case 
much more important for astronomy than either of 
these : Suppose that a body is projected in a direction 
transverse to, or crossing, the direction in which the force 
draws it, how will it move ? 

(14.) The simplest instance of this motion that we 
can imagine is the motion of a stone when it is thrown 
from the hand in a horizontal direction, or in a direction 
nearly horizontal. We all know that the stone soon 
falls to the ground ; and if we observe its motion with 
the least attention, we see that it does not move in a 
straight line; it begins to move in the direction in 
which it is thrown ; but this direction is speedily 
changed ; it continues to change gradually and con- 
stantly, and the stone strikes the ground, moving at that 
time in a direction much inclined to the original direc- 
tion. The most powerful effort that we can make, even 
when we use artificial means (as in producing the 
motion of a bomb or a cannon-ball), is not sufl&cient to 
prevent the body from falling at last. This experiment, 
tJierefore, will not enable us immediately to judge what 
will become of a body (as a planet) which is put in 
motion at a great distance from another body, which 
attracts it (as the sun) ; but it will assist us much in 
judging generally what is the nature of motion when a 
body is projected in a direction transverse to the direc- 
tion in which the force acts on it. 

(15.) It appears, then, that the general nature of the 
motion is this : the body describes a curved path, of 
which the first part has the same direction as the line 
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in which it is projected. The drcumstances of the 
inotioii of the stone may be calculated with the utmost 
accuracy from the following rule, called the second law 
of motion (the accuracy of which has been established 
by many simple experiments, and many inferences from 
complicated motion). K A, fig. 1, is the point from 
which the stone was thrown, and A B the direction in 
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which it was thrown ; and if we wish to know where 
the stone will be at the end of any particular time (sup- 
pose, for instance, three seconds), and if the velocity 
with which it is thrown would, in three seconds, have 
carried it to B, supposing gravity not to have acted on 
it; and if gravity would have made it fall from A to C, 
supposing it to have been merely dropped from the 
hand ; then, at the end of three seconds, the stone really 
will be at the point D, which is determined by drawing 
B D parallel and equal to A C ; and it will have 
reached it by a curved path A D, of which different 
points can be determined in the same way for different 
instants of time. 

(16.) The calculation of the stone's course is easy, 
because, during the whole motion of the stone, gravity 
is acting upon it with the same force and in the 
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same direction. The circumstances of the motion of a 
body attracted by a planet, or by the sun (where the 
force, as we have before mentioned, is inversely propor- 
tional to the square of the distance, and therefore varies 
as the distance alters, and is not the same, either in its 
amoimt or in its direction, at the point D, as it is at the 
point C), cannot be computed by the same simple 
method. But the same method will apply, provided we 
restrict the intervals for which we make the calcu- 
lations to times so short, that the alterations in the 
amount of the force, and in its direction, during each of 
those times, will be very small. Thus, in the motion of 
the earth, as afiected by the attraction of the sun, if we 
used the process that we have described, to find where 
the earth will be at the end of a month from the present 
time, the place that we should find would be very far 
wrong; if we calculated for the end of a week, since 
the direction of the force (always directed to the sun) 
and its magnitude (always proportional inversely to the 
square of the distance from the sun) would have been 
less altered, the circumstances would have been more 
similar to those of the motion of the stone, and the error 
in the place that we should find would be much less 
than before ; if we calculated by this rule for the end 
of a day, the error would be so small as to be percep- 
tible only in the nicest observations ; and if we calcu- 
lated for the end of a minute, the error would be per- 
fectly insensible. • 

(17.) Now a method of calculation has been invented, 
which amounts to the same as making this computation 
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for every successive small portion of time, with the 
correct value of the attractive force, and the correct 
direction of force at every particular portion of time, 
and finding thus the place where the body will be at 
the end of any time that we may please to fix on with- 
out the smallest error. The rules to which this leads 
are simple: but the demonstration of the rules re- 
quires the artifices of advanced science. We cannot here 
attempt to give any steps of this demonstration ; but our 
plan requires us to give the results. 

(18.) It is demonstrated that if a body (a planet, 
for instance) is by some force projected from A, fig. 2, 
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in the direction A B, and if the attraction of the sun, 
situated at S, begins immediately to act on it, and con- 
tinues to act on it according to the law that we have 
mentioned (that is, being inversely proportional to the 
square of its distance from S, and always directed to S) ; 
and if no other force whatever but this attraction acts 
upon the body ; then the body will move in one of the 
following curves — a circle, an ellipse, a parabola, or a 
hyperbola. 

In every case the curve will, at the point A, have the 
same direction as the line A B ; or (to use the language 
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of mathematicians), A B will be a tangent to the curve 
at A. 

The curve cannot be a circle imless the line A B is 
perpendicular to S A, and, moreover, unless the velocity, 
with which the planet is projected, is neither greater 
nor less than one particular velocity determined by the 
length of S A and the mass of the body S. If it differs 
little from this particular velocity (either greater or 
less), the body will move in an ellipse; but if it is 
much greater, the body will move in a parabola or a 
hyperbola. 

If A B is oblique to S A, and the velocity of pro- 
jection is small, the body will move in an ellipse ; but 
if the velocity is great, it may move in a parabola or 
hyperbola, but not in a circle. 

If the body describe a circle, the sun is the centre of 
the circle. 

If the body describe an ellipse, the sun is not the 
centre of the ellipse, but one focus. (The method of 
describing an ellipse is to fix two pins in a board, as at 
S and H, fig. 3 ; to fasten a thread S P H to them, and 




to keep this thread stretched by the point of a pencil, as 
at P : the pencil will trace out an ellipse, and the places 
of the pins S and H will be the two focuses.) 
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If the body describe a parabola or hyperbola, the sun 
is in the focus. 

(19.) The planets describe ellipses which are very 
little flattened, and differ very little from circles. Three 
or four comets describe very long ellipses : and nearly 
all the others that have been observed are found ta 
move in curves which cannot be distinguished from 
parabolas. There is reason to think that two or threa 
comets which have been observed move in hyperbolas. 
But as we do not purpose, in this treatise, to enter into 
a discussion on the motions of comets, we shall confine 
ourselves to the consideration of motion in an ellipse. 

(20.) Everything that has been said respecting the 
motion of a planet, or body of any kind, round the sun, 
in consequence of the sun's attraction according to the 
law of gravitation, applies equally well to the motion of 
a satellite about a planet, since the planet attracts with 
a force following the same law (though smaller) as the 
attraction of the sun. Thus the moon describes an 
ellipse round the earth, the earth being the focus of the 
ellipse ; Jupiter's satellites describe each an ellipse 
about Jupiter, and Jupiter is in one focus of each of 
those ellipses ; the same is true of the satellites of 
Saturn and Uranus. 

(21.) In stating the suppositions on which the cal- 
culations of orbits are made, we have spoken of a force 
of attraction, and a force by which a planet is projected. 
But the reader must observe that the nature of these 
forces is wholly different. The force of attraction is one 
which acts constantly and steadily without a moment's 
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intermission (as we know that gravity to the earth is 
always acting): the force by which the body is pro- 
jected is one which we suppose to be necessary at some 
past time to account for the planet's motion, but which 
acts no more. The planets are in motion, and it is of 
BO consequence to our inquiry how they received this 
motion, but it is convenient, for the purposes of calcula- 
tion, to suppose that, at some time, they received an 
impulse of the same kind as that which a stone receives 
when thrown from the hand; and this is the whole 
meaning of the term " projectile force." 

(22.) From the same considerations it will appear 
that, if in any future investigations we should wish to 
ascertain what is the orbit described by a planet after it 
leaves a certain point where the velocity and direction 
of its motion are known, we may suppose the planet to 
be projected from that point with that velocity and in 
that direction. For it is unimportant by what means 
the planet acquires its velocity, provided it has such a 
velocity there. 

(23.) We shall now allude to one of the points which, 
upon a cursory view, has always appeared one of the 
greatest dif&culties in the theory of elliptic revolution, 
but which, when duly considered, will be found to be 
one of the most simple and natural consequences of the 
law of gravitation. 

(24) The force of attraction, we have said, is in- 
versely proportional to the square of the distance, and 
is therefore greatest when the distance is least. It 
would seem then, at first sight, that when a planet has 
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approached most nearly to the sun, as the sun's attrac- 
tion is then greater than at any other time, the planet 
must inevitably fall to the sun. But we assert that the 
planet begins then to recede from the sun, and that it 
attains at length as great a distance as before, and goes 
on continually retracing the same orbit How is this 
receding from the sun to be accounted for ? 

(25.) The explanation depends on the increase of 
velocity as the planet approaches to the point where its 
distance from the sun is least, and on the considerations 
by which we determine the form of the curve which a 
certain attracting force will cause a planet to describe. 
In explaining the motion of a stone thrown from the 
hand, to which the motion of a planet for a very small 
time is exactly similar, we have seen that the deflection 
of the stone from the straight line in which it began to 
move is exactly equal to the space through which 
gravity could have made it fall in the same time fit)m 
rest, whatever were the velocity with which it was 
thrown. Consequently, when the stone is thrown with 
very great velocity, it will have gone a great distance 
before it is much deflected from the straight line, and 
therefore its path will be very little curved ; a fact 
familiar to the experience of every one. The same 
thing holds with regard to the motion of a planet; 
and thus the curvature of any part of the orbit which a 
planet describes will not depend simply upon the force 
of the sun's attraction, but will also depend on the 
velocity with which the planet is moving. The greater 
is the velocity of the planet at any point of its orbit, the 
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less will the orbit be curved at that part. Now if we 
refer to fig. 2, we shall see that, supposing the planet to 
have passed the point C with so small a velocity that 
the attraction of the sun bends its path very much, ^nd 
causes it immediately to begin to approach towards the 
sun; the sun's attraction will necessarily increase its 
velocity as it moves, through D, E, and F. For the 
sun's attractive force on the planet, when the planet is 
at D, is acting in the direction D S, and it is plain that 
(on accoimt of the small inclination of D E to D S) the 
force pulling in the direction DS helps the planet 
along in its path DE, and thereby increases its velo- 
city. Just as when a ball rolls down a sloping bank, 
the force of gravity (whose direction is not much 
inclined to the bank) helps the ball down the bank, and 
thereby, increases it3 velocity. In this manner, the 
velocity of the planet will be continually increasing as 
the planet passes through D, E, and F ; and though the 
sun's attractive force (on account of the planet's near- 
ness) is very much increased, and tends, therefore, to 
make the orbit more curved, yet the velocity is so much 
increased that, on that account, the orbit is not ;more 
curved than before. Upon making the calculation more 
accurately, it is found that the planet, after leaving C, 
approaches to the sun more and more rapidly for about 
a quarter of its time of revolution; then for about a 
quarter of its time of revolution the velocity of its 
approach is constantly diminishing: and at half the 
periodic time after leaving C, the planet is no longer 
approaching to the sun ; and its velocity is so great, and 
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the curvature of the orbit in consequence so small 
(being, in fact, exactly the same as at G), that it begins 
to recede. After this it recedes from the sun by exactly 
the same degrees by which it before approached it 

(26.) The same sort of reasoning will show why, 
when the planet reaches its greatest distance, where the 
sun's attraction is least, it does not altogether fly off. 
As the planet passes along H, K, A, the sun's attraction 
(which is always directed to the sun) retards the planet 
in its orbit, just as the force of gravity retards a baU 
which is bowled up a hill ; and when it has reached C, 
its velocity is extremely small; and, therefore, though 
the sun's attraction at C is small, yet the deflection 
which it produces in the planet's motion is (on account 
of the planet's slowness there) suflBcient to make its path 
very much curved, and the planet approaches the sun, 
and goes over the same orbit as before. 

(27.) The following terms will occur perpetually in 
the rest of this treatise, and it is therefore desirable to 
explain them now. 

Let S and H, fig. 4, be the focuses of the ellipse 
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AEDB; draw the line AB through S and H; take C, 
the middle point between S and H, and draw DOE 
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^perpendicular to A C B. Let S be that focus which is 
the place of the sun (if we are speaking of a planet's 
orbit), or the place of the planet (if we are speaking of 
a satellite's orbit). 

Then A B is called the rnajor cuds of the ellipse. 

C is the centre. 

AC or C B is the semi-major axis. This is equal in 
length to S D ; it is sometimes called the mean distance, 
because it is half-way between A S (which is the planet's 
smallest distance from S) and B S (which is the planet's 
greatest distance from S). 

D E is the mirurr aods, and D C or C E the semi-minor 
aoAs. 

A is called the perihelion (if we are speaking of a 
planet's orbit) ; the perigee (if we are speaking of the 
orbit described by our moon about the earth) ; perijove 
(if we are speaking of the orbit described by one of 
Jupiter's satellites round Jupiter) ; or the perisatumium 
(if we are speaking of the orbit described by one of 
Saturn's satellites about Saturn). 

B, in the orbit of a planet, is called the aphelion ; in 
the moon's orbit it is called the apogee; in the orbit 
of one of Jupiter's satellites, we shall call it the 
apojove, 

A and B are both called apses ; and the line A B, or 
the major axis, is sometimes called the line of apses. 

S C is sometimes called the linear excentridty ; but it 
is more usual to speak only of the proportion which 
S C bears to A C, and this proportion, expressed by a 
number, is called the excentridty. Thus> if S C were 
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one-third of AC, we should say, that the excentricity of 
the orbit was J, or 0-3333. 

If Scyo is drawn towards a certain point in the 
heavens, called the first point of Aries, then the angle 
cp S A is called the longitude of perihelion (or of perigee, 
or of perijove, &c.). 

If P is the place of the planet in its orbit at any 
particular time, then the angle qp S P is its longitude at 
that time, and the angle A S P is its trtis anomaly. 
(The longitude of the planet is, therefore, equal to the 
sum of the longitude of the perihelion, and the true 
anomaly of the planet.) The line S P is called the 
radius vector. 

In all our diagrams it is to be understood, that the 
planet, or satellite, moves through its orbit in the 
direction opposite to the motion of the hands of a 
watch. This is the direction in which all the planets 
and satellites would appear to move, if viewed from 
any place on the north side of the planes of their 
orbits. 

The time in which the planet moves from any one 
point of the orbit through the whole orbit, till it comes 
to the same point again, is called the planet's periodic 
time, 

(28.) If we know the mass of the central body, and 
if we suppose the revolving body to be projected at a 
certain place in a known direction with a given velocity, 
the length of the axis major, the excentricity, the posi- 
tion of the line of apses, and the periodic time, may all 
be calculated. We cannot point out the methods and 
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ibrmulae used for these, but we may mention one very 
remarkable result The length of the axis major 
depends only upon the velocity of projection, and upon 
the place of projectio9, and not at all upon the direction 
of projection. 

(29.) We shall proceed to notice the principle on 
which the motion of a planet, or satellite, in its orbit 
is calculated. 

It is plain that this is not a very easy business. We 
-have already explained, that the velocity of the planet 
in its orbit is not uniform (being greatest when the 
planet's distance from the sun is least, or when the 
planet is at perihelion) ; and it is obvious that the longi- 
tude of the planet increases very irregularly, since, when 
the planet is near to the sun, its actual motion is very 
rapid, and, therefore, the increase of longitude is ex- 
tremely rapid ; and when the planet is far from the 
sun, its actual motion is slow, and, therefore, the increase 
of longitude is extremely slow. The rule, which is 
demonstrated by theory, and which is found to apply 
precisely in observation, is this : — The areas described 
by the radius vector are equal in equal times. This is 
true, whether the force be inversely as the square of 
the distance from the central body, or be in any other 
proportion, provided that it is directed to the central 
body. 

(30.) Thus, if in one day a planet, or a satellite, 
moves from A to a, fig. 5 ; in the next day it will move 
from a to 6, making the area aS h equal to A S a ; in 

c 2 
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the third day it will move from bto c, making the area 
h S c equal to A S a or a S 6, and so on. 



Fig. 5. 




(31.) Upon this principle mathematicians have in- 
vented methods of calculating the place of a planet, or 
satellite, at any time for which it may be required. 
These methods are too troublesome for us to explain 
here ; but we may point out the meaning of two terms 
which are frequently used in these computations. Sup- 
pose, for instance, as in the figure, that the planet, or 
satellite, occupies ten days in describing the half of its 
orbit, AahcdefffhiB, OT twenty days in describing 
the whole orbit ; and suppose that we wished to find its 
place at the end of three days after leaving the peri- 
helion. If the orbit were a circle, the planet would in 
three days have moved through an angle of 54 degrees. 
If the excentricity of the orbit were small (that is, if 
the orbit did not differ much from a cu-cle), the angle 
through which the planet would have moved would not 
differ much from 54 degrees. The excentricities of aU 
the orbits of the planets are small ; and it is convenient, 
therefore, to begin with the angle of 54 degrees as one 
which is not very erroneous, but which will require some 
correction. This angle (as 54 degrees), which is proper- 
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tional to the time, is called the Tnean anomaly ; and the 
correction which it requires, in order to produce the true 
anomaly, is called the equation of the centre. If we 
examine the nature of the motion, while the planet 
mjoves from A to B, it will readily be seen, that, during 
the whole of that time, the angle really described by the 
planet is greater than the angle which is proportional 
to the time, or the equation of the centre is to be added 
to the mean anomaly, in order to produce the true 
anomaly ; but while the planet moves in the other haK 
of the orbit, from B to A, the angle really described by 
the planet is less than the angle which is proportional 
to the time, or the equation of the centre is to be sub- 
tracted from the mean anomaly, in order to produce the 
true anomaly. 

(32.) The sum of the mean anomaly and the longi- 
tude of perihelion is called the mean lorigitude of the 
planet It is evident, that if we add the equation of 
the centre to the mean longitude, while the planet is 
moving from A to B, or subtract it from the mean 
longitude, while the planet is moving from B to A, as 
in (31.), we shall form the true longitude. 

(33.) The reader will see, that when the planet's true 
anomaly is calculated, the length of the radius vector 
can be computed from a knowledge of the properties of ' 
the ellipse. Thus the place of the planet, for any 
time, is perfectly known. This problem has acquired 
considerable celebrity under the name of Kepler's 
problem. 

(34) There remains only one point to be explained 
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regarding the undisturbed motion of planets and satel- 
lites ; namely, the relation between a planet's periodic 
time and the dimensions of the orbit in which it 
moves. 

Now, on the law of gravitation it has been demon- 
strated from theory, and it is fully confirmed by obser- 
vation, that the periodic time does not depend on the 
excentricity, or on the perihelion distance, or on the 
aphelion distance, or on any element except the rruan 
distance or semi-major axis. So that if two planets 
moved round the sun, one in a circle, or in an orbit 
nearly circular, and the other in a very flat dlipse; 
provided their mean distances were equal, their periodic 
times would be equal. It is demonstrated also, that for 
planets at different distances, the relation between- the 
periodic times and the mean distances is the follow- 
ing : — The squares of the numbers of days (or hours, or 
minutes, &c.) in the periodic times have the same pro- 
portion as the cubes of the numbers of miles (or 
feet, &c.) in the mean distances. 

(35.) Thus the periodic time of Jupiter round the 
sun is 4332-7 days, and that of Saturn is 10759-2 
days ; the squares of these numbers are 18772289 and 
115760385. The mean distance of Jupiter from the 
sun is about 487491000 miles, and that of Saturn is 
about 893955000 miles; the cubes of these numbers 
are 1158496 (20 ciphers), and 7144088 (20 ciphers). 
On trial it will be found, that 18772289 and 115760385 
are in almost exactly the same proportion as 1158496 
and 7144088. 
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(36.) In like maimer, the periodic times of Jupiter's 
third and fourth sateUites round Jupiter are 715455 
and 16'68877 days ; the squares of these numbers are 
51-1876 and 278-515. Their mean distances from 
Jupiter are 670080 and 1178560 miles; the cubes of 
these numbers are 300866 (12 ciphers), and 1637029 
(12 ciphers), and the proportion of 51-1876 to 278-515 
is almost exactly the same as the proportion of 300866 
to 1637029. 

(37.) It must, however, be observed that this rule 
appUes in comparing the periodic times and mean 
distances, ordy of bodies which revolve round the same 
central body. Thus the rule applies in comparing the 
periodic times and mean distances of Jupiter and 
Saturn, because they both revolve round the sun; it 
appHes in comparing the periodic times and mean 
distances of Jupiter's third and fourth satellites, be- 
cause they both revolve round Jupiter; but it would 
not apply in comparing the periodic time and mean 
distance of Saturn revolving round the sun with that 
of Jupiter's third satellite revolving round Jupiter. 

(38.) In comparing the orbits described by different 
planets, or satellites, round different centres of force, 
theory gives us the following law : — The cubes of the 
mean distances are in the same proportion as the pro- 
ducts of the mass by the square of the periodic time. 
Thus, for instance, the mean distance of Jupiter's fourth 
satellite from Jupiter is 1178560 miles; its periodic 
time round Jupiter is 16*68877 days; the mean dis- 
tance of the earth from the sun is 93726900 miles ; its 
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periodic time round the sun is 365*2564 days; also 
the mass of Jupiter is -nrro^^ ^^^ sun's mass. The 
cubes of the mean distances are respectively 1637029 
(12 ciphers), and 823365 (18 ciphers) ; the products of 
the squares of the times by the masses are respectively 
0*265252 and 133412; and these numbers are in the 
same proportion as 1637029 (12 ciphers), and 823365 
(18 ciphers). 

» (39.) The three rules, that planets move in ellipses ; 
that the radius vector in each orbit passes over areas 
propOTtional to the times, and that the squares of the 
periodic times are proportional to the cubes of the 
mean distances, are commonly called Kepler's laws* 
They were discovered by Kepler from observation, 
before the theory of gravitation was invented; they 
were first explained from the theory by Newton, about 
A.D. 1680. 

(40.) The last of these is not strictly true, unless we 
suppose that the central body is absolutely immovable. 
This, however, is evidently inconsistent with the prin- 
ciples which we have laid down in Section I. In 
considering the motion, for instance, of Jupiter round 
the sun, it is necessary to consider, that, while the sun 
attracts Jupiter, Jupiter is also attracting the sun. But 
the planets are so small in comparison with the sun 
(the largest of them, Jupiter, having less than one- 
thousandth part of the matter contained in the sun), 
that in common illustrations there is no need to take 
this consideration into account. For nice astronomical 
purposes it is taken into account in the following 
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manner : — ^The motion which the attraction of Jupiter 
produces in the sun is less than the motion which the 
attraction of the sun produces in Jupiter, in the same 
proportion in which Jupiter is smaller than the sun. 
If the sun and Jupiter were allowed to approach one 
another, their rate of approach would be the sum of the 
motions of the sun and Jupiter, and would, therefore, 
be greater than their rate of approach, if the sun were 
not movable, in the same proportion in which the sum 
of the masses of the sun and Jupiter is greater than the 
sun's mass. That is, the rate of approach of the sun 
and Jupiter, both being free, is the same as the rate of 
approach would be if the sun were fixed, provided the 
sun's mass were increased by adding Jupiter's mass 
to it. Consequently, in comparing the orbits described 
by diflferent planets round the sun, we must use the 
rule just laid down, supposing the central force to be 
the attraction of a mass equal to the sum of the sun 
and the planet ; and thus we get a proportion which is 
rigorously true: for different planets, or even for 
different bodies, revolving round different centres of 
force, the cubes of the mean distances are in the same 
proportion as the products of the square of the periodic 
time by the sum of the masses of the attracting and 
attracted body. 
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Section III. — General Notions of Perturbation ; and 
Perturbation of the Elements of Orbits. 

(41.) We have spoken of the motion of two bodies (as 
the sun and a planet) as if no other attracting body 
existed. But, as we have stated in Section I., every 
planet and every satellite attracts the sun and every 
other planet and satellite. It is plain now that, as 
each planet is attracted very differently at different 
times by the other planets whose position is per- 
petually varying, the motion is no longer the same 
as if it was only attracted by the sun. The planets, 
therefore, do not move exactly in ellipses; the radius 
vector of each planet does not pass over areas exactly 
proportional to the times; and the proportion of the 
cube of the mean distance to the product of the square 
of the periodic time by the sum of the masses of the 
sun and the planet, is not strictly the same for all. 
Still the disturbing forces of the other planets are so 
small in comparison with the attraction of the sun, that 
these laws are very nearly true; and (except for our 
moon and the other satellites) it is only by accurate 
observation, continued for some years, that the effects 
of perturbation can be made sensible. 

(42.) The investigation of the effects of the disturb* 
ing forces will consist of two parts : the examination 
into the effects of disturbing forces generally upon the 
motion of a planet, and the examination into the kind 
of disturbing force which the attraction of another planet 
produces. We shall commence with the former; we 
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shall suppose that a planet is revolving round the sun, 
the sun being fixed (a supposition made only for pre- 
sent convenience), and that some force acts on the 
planet without acting on the sun (a restriction intro- 
duced only for convenience, and which we shall here- 
after get rid of). 

(43.) The principle upon which we shall explain the 
effect of this force is that known to mathematicians by 
the name of variation of elements. The planet, as we 
have said, describes some curve which is not strictly an 
ellipse, or, indeed, any regularly formed curve. It will 
not even describe the same curve in successive revolu- 
tions. Yet its motion may be represented by supposing 
it to have moved in an ellipse, provided we suppose the 
elements of the ellipse to have been perpetually alter- 
ing. It is plain that by this contrivance any motion 
whatever may be represented. By altering the major 
axis, the excentricity, and the longitude of perihelion, 
we may in many different ways make an eUipse* that 
will pass through any place of the planet ; and by alter- 
ing them in some particular proportions, we may, in 
several ways, make an ellipse in which the direction of 
motion at the place of the planet shall be the same as 
the direction of the planet's motion. But there is only 
one ellipse which will pass exactly through a place of 
the planet, in which the direction of the motion at that 
place shall be exactly the same as the direction of the 
planet's motion, and in which the velocity (in order that 
a body may revolve in that ellipse round the sun) will 
be the same as the planet's real velocity. The ditnen- 
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sions and position of this ellipse may be conceived as 
follows : if at any instant we suppose the disturbing force 
to cease, and conceive the planet to be as it were pro- 
jected with the velocity which it happens to have at 
that instant, the attraction of the sun or central body 
will cause it to describe the ellipse of which we are 
speaking. We shall in future mention this by the name 
of the instarUaneovs ellipse. 

(44.) If the disturbing force ceases, the planet con- 
tinues to revolve in the same ellipse, and the permanent 
ellipse coincides with the instantaneous ellipse cor- 
responding to the instant when the disturbing force 
ceases. 

(45.) If the disturbing force continues to act, the 
dimensions of the instantaneous ellipse are continually 
changing ; but in the course of a single revolution (even 
for our moon), the dimensions alter so little, that the 
motion in the instantaneous eUipse corresponding to 
any instant during that revolution will very nearly 
agree with the real motion during that revolution. 

We shall now consider the effects of particular forces 
in altering the elements. 

(46.) (I.) Suppose that the disturbing force is always 
directed to the central body. The effect of this would 
be nearly the same eis if the attraction or the mass of 
the central body was increased. The result of this 
on the dimensions of the orbit will be different 
according to the part of the orbit where it begins to 
act, and may be gathered from the cases to be men* 
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tioned separately hereafter (we do not insist on it at 
present, as there is no instance in the planetary 
system of such sudden commencement of force). But 
at all events the relation between the mean distance 
and the periodic time will not be the same as before ; 
the time will be less for the same mean distance, or 
the mean distance greater for the same periodic time, 
than if the disturbing force did not act (38.). If the 
disturbing force is always directed from the central 
body, the effect will be exactly opposite. If the dis- 
turbing force does not alter, except with the planet's 
distance, the planet will at every successive revolu- 
tion describe an orbit of the same size. For, as we 
have stated (29.) the radius vector will in equal times 
pass over equal areas ; and mathematicians have 
proved that, if the variation of force depends only on 
the distance, the velocity of the planet will depend 
only on the distance; and the consideration which 
determines the greatest or least distance of the planet 
is, that the planet, moving with the velocity which is 
proper to the distance, cannot describe the proper 
area in a short time, unless it move in the direction 
perpendicular to the radius vector. This considera- 
tion will evidently give the same values for the 
greatest and least distances at every revolution. It 
may happen that all the greatest distances will not 
be at the same place ; the body may describe such an 
orbit as that in fig. 6. 
(47.) (II.) If, however, the disturbing force directed to 
the central body increases gradually and constantly 
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during many revolutions, there is no difficulty in 
seeing that the planet will at every revolution be 
drawn nearer to the central body, and thus it will 



Fig. 6. 




- move, at every succeeding revolution, in a smaller 
orbit than at the preceding one ; and will conse- 
quently perform its revolution in a shorter time. If 
the disturbing force directed to the central body 
diminishes, the orbit will become larger, and the 
periodic time longer. In the same manner, if the dis- 
turbing force is directed from the central body, a 
gradual increase of the disturbing force will increase 
the dimensions of the orbit and the periodic time, 
and a gradual diminution of the disturbing force will 
diminish the dimensions of the orbit and the periodic 
time. 

(48.) (III.) Suppose that the disturbing force acts 
always in the direction in which the planet is 
moving. The reader might imagine, at first sight, 
that this would shorten the time of revolution. The 
effect, however, is exactly opposite. For in fig. 2, if 
the planet be projected fi^m A, the reason that the 
sun's attraction is able to pull the planet in at C and 
make it approach to itself is, that the velocity of tlie 
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' planet is so small as to allow the force to curve the 
orbit much. If the velocity were greater, the orbit — 
as we have said in (25.) — would be less curved inA 
every part, and would therefore pass on the ovtside 
of the orbit A C D E F. The effect then of a force in 
the direction of the planet's motion, which increases 
the planet's velocity, is to increase the size of its 
orbit ; and the bigger the orbit is, the longer is the 
time of revolution. If the force acts continually, the 
time of revolution lengthens continually. If the dis- 
turbing force acts in the direction opposite to that in 
which the planet is moving, the effect is to make the 
orbit smaller, and to make the time of revolution 
shorter. The retardation produced by motion through 
extremely thin air is of this kind. It is found that a 
comet (known by the name of Encke's comet) which 
moves in an ellipse, whose length is not much greater 
than the diameter of Mars* orbit, performs every new 
revolution in a shorter time than the preceding one ; 
and we infer from this circumstance that it experi- 
ences some resistance in its motion. 

(49.) (IV.) There is one consideration of great im- 
portance in the estimation of the effects mentioned 
in (II.) and (III.) The alteration of the dimensions 
of the orbit produces an alteration in the periodic 
time, and this alters the planet's mean motion, or the 
number of degrees by which the mean longitude is 
increased in a given time (suppose one year). The 
effects of these alterations are added together at 
every successive revolution, and thus may produce 
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an alteration in the planet's mean longitude (which 
dififers from the true longitude only by the equation 
of the centre) that is vastly more conspicuous than 
the alteration in the dimensions of the orbit. Sup- 
pose, for instance, that a disturbing force acted on 
a planet — (either a constant force in the direction 
of its motion, or a variable force in the direction of 
the radius vector), such as to increase the mean 
distance by to-^^^^^ P^rt in 100 revolutions of the 
planet. This alteration of the planet's distance from 
the sun could hardly be discovered by the nicest 
observations. But as the mean distance has been 
altered in the proportion of 10000 : 10001, the periodic 
time will have been altered in the proportion of 
10000 : lOOOlJ nearly, or the mean motion will have 
been altered in the proportion of lOOOlJ to 10000 or 
1 : 0*99985 nearly. If this alteration has gone on 
uniformly, we may suppose the whole motion in the 
100 revolutions to have been nearly the same as if 
the planet had moved with a mean motion, whose 
value is half-way between the values of the first and 
the last, or 0*999925 x the original mean motion. 
Therefore, at the time when we should expect thQ 
planet to have made 100 revolutions, it will only 
have made 99*9925 revolutions, or will be behind the 
place where we expected to see it by 0*0075 revolu- 
tion, or nearly three degrees ; a quantity which could 
not fail to be noticed by the coarsest observer. To 
use a borrowed illustration, the alteration of the mean 
distance in an orbit produces the same kind of effect 
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as the alteration of the length of a clock pendulum : 
which, though so small as to be insensible to ^e eye, 
will, in a few days, produce a very great effect on the 
time shown by the clock, 
(50.) (V.) Now suppose the orbit of the planet or 
sateUite to be an elHpse ; and suppose a disturbing 
force directed to the central body to act upon the 
planet, &g., only when it is near its perihelion or 
perigee, &e. In fig. 7, let A B be the curve in which 




the planet is moving, and let the dotted line B D A 
represent the orbit in which it would have moved if 
no disturbii^ force had acted, C being the place of 
perihelion. At B let the disturbing force, directed 
towards S, begin to act, and let it act for a little 
while and then cease. The planet is at that place 
approaching toward the sun, and the direction of its 
motion makes an acute angle with SB. It is evident 
that the disturbing force, which draws the planet 
more rapidly towards the sun without otherwise 
afCbctiug its motion, will cause it to move in a 
direction that makes a more acute angle with S B. 
The part of the new path, therefwe, which is nearest 
to the sun (that is, the new perihelion) will be 
. farther from 6 than the perihelion C oi Hca ctc^ '\u - 
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which the planet would have moved. The ready's 
conception of this wiU be facilitated by supposing the 
orbit 'instead of a curve to be a straight line, as B C in 
fig. 7*, and the place of perihelion to be determined 




by letting fall a perpendicular S C from the sun upon 
the line ; when it will be seen that, if the disturbing 
force, acting towards S for a short time at B, changes 
the path of the planet from the direction B C to B c, 
the distance of the foot of the perpendicular S c from 
B is greater than that of S C. With a curved orbit 
the result is just the same. In other words, the 
planet, instead of describing BC, fig. 7, will, in 
consequence of the actipn of the disturbing force, 
describe Be; and the place of perihelion, instead 
of C, will be c, a point more distant from B than 
C is. Now, if the disturbing force should not act 
again, the planet would move in an ellipse cdb, and 
the line of apses, instead of CSD, would be cSd, 
The line of apses has therefore twisted round in the 
same angular direction as that in which the planet 
was going ; and this is expressed by saying that the 
lim of apses progresses. If, after passing c, the dis- 
turbing force should again act for a little while, 
at e for instance, the recess of the planet from tlie 
sun would be diminished, its path would be more 
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nearly perpendicular to the radius vector, and there- 
fore the inclination of the path would be such as 
corresponds to a smaller distance from perihelion 
than the planet really has. That is, when the planet 
leaves e, the inclination of its path to the radius 
vector is greater than it would have been if the 
planet had continued to move in the orbit cdb, but 
is the same as if its penhelion had been at some such 
situation as /, supposing no disturbing force to act. 
Now let the disturbing force cease entirely to act ; 
and the planet, which at e is moving as if it had 
; come from the perihelion /, will continue to move as 
if it had come from the perihelion /; it will proceed, 
therefore, to describe an elliptic orbit in which fSg 
is the line of apses: the line of apses has been 
twisted round in the same direction as before, or 
the line of apses has still progressed. The effect 
then of a disturbing force directed to the central 
body before and after passing the perihelion, is to 
make the line of apses progress.* 

^ This resuii, and those which follow immediately, may be inferred 
from t)ie constmotion in Newton's * Frincipia/ book i. sect. 3. prop, 
xvii. If we assume (as we suppose in aU these investigations) the 
exoentricity to be small, the disturbing fcmse directed to the sun will 
not sensibly alter the planet's velocity, but wiU change the direction 
of its path at P, the place of action (in Newton's figure) ; the length 
of P H, therefore, wiU not be altered (since that length depends only 
on the velocity), but its position wiU be altered, the position of P H 
being determined by making the angle R P H equal to the supple- 
ment of R P S. On trying the effects of this in different positions of 
P, and observing that the immediate effect of a disturbing force 
directed to the centre is to increase the rate of approach, or to diminish 
the rate of receding, and that thd effect of a force directed from tlie 
centre is the opposite, all the cases lathe text will be folly explained. 

D 2 
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(51.) In the same manner it will be seen, that the 
effect of a disturbing force, directed from the central 
body before and after passing the perihelion, is to make 
the Une of apses regress. 

(52.) The motion of the planet, subject to such forces 
as we have mentioned, would be nearly the same as if it 
was revolving in an elliptic orbit, and this elliptic orbit 
was at the same time revolving round its focus, turning 
in the same direction as that in which the planet goes 
round, and always carrying it on its circumference. 
And this is the easiest way of representing to the mind 
the general effect of this motion ; the physical cavM is to 
be nought in such explanations as that above. 

(53.) (VI.) Suppose a disturbing force directed to the 
centre, to act upon the planet when it is near aphe- 
lion. As the planet is going towards aphelion it is 
receding from the sun. The effect of the disturbing 

• force is to diminish the rate of recess from the sun ; 
and, therefore, to increase the inclination of the planet's 
path to the radius vector. The aphelion is the placfe 
where the planet's path is perpendicular to the radius 
vector. Th^ effect of the disturbing force, then, which 
increases the inclination of the planet's path to the 
radius vector, will be to meike that path perpen- 
dicular to the radius vector sooner than if the dis- 
turbing force had not acted. That is, the planet will 
be at aphelion sooner than it would have been if no 
disturbing force had acted. The aphelion has as it 
were, gone backwards to meet the planet^ If the 



FORCE DIRECTED TO CENTRE NEAR APHELION. 37 

disturbing force should entirely cease, the planet 
will move in an elliptic orbit, of which this new aphe- 
lion would be the permanent aphelion. The line 
passing through the aphelion has, therefore, twisted 
in a direction opposite to the planet's motion, or the 
line of apses has regressed. After passing aphelion, if 
the disturbing force still continues to act, the planet's 
approach to the sun will be quickened by the dis- 
turbing force, and, therefore, after some time, the 
planet's rate of approach will be greater than that 
corresponding in an undisturbed orbit to its actual 
distance from aphelion, and will be equal to that cor- 
responding in an undisturbed orbit to a greater dis- 
tance from aphelion. If, now, the disturbing force 
ceases, the planet, moving as if it came in an un- 
disturbed orbit from an imaginary aphelion, will 
continue to move as if it came from that imaginary 
aphelion ; and that imaginary aphelion having been 
at a greater distance behind the planet than the real 
aphelion, its place will be represented by saying that 
the line of apses has still regressed. The effect, then, 
of a disturbing force directed to the central body, 
before and after passing the aphelion, is to make the 
line of apses regress. 

(54) In the same manner it will be seen, that the 
effect of a disturbing force, directed from the central 
body, before and after passing the aphelion, is to make 
the line of apses progress. 

(55.) (VII.) Since a disturbing force, directed to the 
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central body, or one directed fix)m the central 
body, produces opposite effects with regard to the 
motion of the line of apses, according as it acts near 
perihelion, or near aphelion, it is easy to perceive 
that there must be some place between perihelion 
and aphelion, where the disturbing force, directed to 
the central body, will produce no effect on the 
position of the line of apses. It is found by accurate 
investigation, that this point is the place where 
the radius vector is perpendicular to the line of 
apses.* 
(56.) (VIII.) The effects mentioned above are greatest 
when the excentricity is small. Thus, if we compare 
two orbits, as figures 8 and • 9, in one of which the 
excentricity was great, and in the other small ; and 
if (for instance) we supposed the disturbing force to 
act for a short time at the perihelion C, and supposed 
the forces in the two orbits to be such as to deflect 
the new paths from the old orbits by equal angles in 
the two cases : it is plain that in fig. 8, in consequence 

♦ To the reader who is familiar with Newton's * Principia,' sect .S, 
the foUowing demonstration wiU be sufficient : — The disturbing force, 
which is entirely in the direction of the radius vector, will not alter 
the area described in a given time, and, therefore, will not alter the 
latus rectum (to the square root of which the area is proportional). 
But half the latua rectum of the undisturbed orbit is the radius vector 
at the supposed place of action of the disturbing force (since that 
radius vector is supposed perpendicular to the m^or axis). Therefore, 
half the latus rectum of the new orbit is the radius vector at the point 
in question; and, consequently, the radius vector, at the point in 
question, is perpendicular to the major axis in the new orbit ; but it 
was so in the undisturbed orbit; and« therefore, the major axes in the 
new orbit and the undisturbed orbit coincide. 
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of the curvature at C diflfering much from that of a 
oirele whose centre is S, we should find the new peri- 
helion c at a small distance from C ; whereas in fig. 9, 
where the orbit does not differ much from the circle 
whose centre is S, c would be far removed from C. 
In fact, G would in both cases bisect the part of the 
orbit lying within that circle ; and it is evident, that 
the angle at C being the same in both, the length of 
the part lying within the circle would be much less 
in fig. 8, where the orbit is almost a straight line, 
than in fig. 9, where the curvature of the orbit differs 
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little from that of the circle. Or we may state 
it thus : — ^The alteration of the place of perihelion, 
or aphelion, depends on the proportion which the 
alteration in the approach or recess produced by the 
disturbing force bears to the whole approach or 
recess; and is, therefore, greatest when the whole 
approach or recess is least ; that is, when the orbit is 
little excentric. 
(57.) (IX.) To judge of the effect which a disturbing 
force, directed to the sun, will produce on the excen- 
tricity of a planet's orbit, let us suppose the planet 
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to have left its perihelion, and to be moving towards 
aphelion, and, consequently, to be receding from the 
sun, and now let the disturbing force act for a short 
time. This will cause it to recede from the sun more 
slowly than it would have receded without the action 
of the disturbing force ; and, consequently, the planet, 
without any material alteration in its velocity (and, 
therefore, without any material alteration in the major 
axis of its orbit (28.) ), will be moving in a path more 
inclined to the radius vector than if the disturbing 
force had not acted. The planet may, therefore, be 
considered as projected from the point A, fig. 10, in 

Fig. 10. /^jlIM 



the direction A h instead of A B, in which it was 
moving; and, therefore, instead of describing the 
orbit A C G, in which it was moving before, it will 
describe an orbit Acg, more resembling a circle, or 
less excentric than before. The effect, therefore, of a 
disturbing force directed to the centre, while a planet 
is moving from perihelion to aphelion, is to diminish 
the excentricity of the orbit. 

(58.) If we suppose the planet to be moving from 
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aphelion to periheKon, it is approaching to the sun ; the 
disturbing force directed to the sun makes it approach 
more rapidly ; its path is, therefore, less inclined to the 
radius vector than it would have been without the dis- 
turbing force; and this effect may be represented by 
supposing that at E, fig. 11, instead of moving in the 




direction E F in which it was moving, the planet is pro- 
jected in the direction E/. Instead, therefore, of de- 
scribing the ellipse E G H, in which it was moving before, 
it will describe such an ellipse as E^A, which is more 
excentric than the former. The effect, therefore, of a 
disturbing force directed to the centre, while a planet 
is moving from aphelion to perihelion, is to increase the 
excentricity of the orbit. 

(59.) In a similar manner it will appear, that the 
effect of a disturbing force, directed from the centre, is 
to increase the excentricity as the planet is moving 
from perihelion to aphelion, and to diminish it as the 
planet moves from aphelion to perihelion. 

(60.) (X.) Let us now lay aside the consideration of a 
force acting in the direction of the radius vector, and 
consider the effect of a force acting perpendicularly to 
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the radius vector, in the direction in which the planet 
is moving. And first, its eflfect on the position of the 
line of apses. 

(61.) If such a force act at one of the apses, either 
perihelion or aphelion, for a short time, it is clear that 
its effect will be represented by supposing that the 
velocity at that apse is suddenly increased, or that the 
velocity with which the planet is projected from peri- 
helion is greater than the velocity with which it would 
have been projected if no disturbing force had acted. 
This will make no difference in the position of the line 
of apses ; for with whatever velocity the planet is pro- 
jected, if it is projected in a direction perpendicular to 
the radius vector (which is implied in our supposition, 
that the place where the force acts weis an apse in the 
old orbit), the place of projection will infallibly be an 
apse in the new orbit ; and the line of apses, which is 
the line drawn from that point through the centre, will 
be the same as before. 

(62.) But if the force act for a short time before the 
planet reaches the perihelion, its principal * effect will 
be to increase its velocity; the sun's attraction will, 
therefore, have less power to curve its path (25.) ; the 
new orMt will be, in that part, exterior to the old one. 
In fig. 12, we must, therefore, suppose that the planet, 
after leaving A, where the force has acted to accelerate 

* It is supposed here, and in aU our investigations, that the ezcen* 
tricity of the orbit is small, and, consequently, that a force pcrpen" 
dicular to the radius vector produces nearly the same effect as a force 
acting in the direction of a tangent to the ellipse. 



ALTERATION • OF THB UKE OF APSES. 



43 



its motion, instead of describing the orbit AC G, pro- 
ceeds to describe the orbit Acd^ which at A has the 
same direction (or has the same tangent AB) as the 
orbit A C G. It is plain now that c is the part nearest 



Fig. 12. 




to the sun, or c is the perihelion : and it is evident here, 
that the line of apses has altered its position from S C 
to Sc, or has twisted in a direction opposite to the 
angular motion of the planet, or has regressed. 

(63.) If the force act for a short time after the planet 
has passed perihelion, as at D in fig. 13, the planet's 
velocity is increased there, and the path described by 
the planet is D/, instead of DF, having the same 
direction at D (or having the same tangent D E), but 
less curved, and, therefore, exterior to D F. If now we 
conceive the planet to have received the actual velocity 
with which it is moving in D/, from moving without 
disturbance in an elliptic orbit c T>f (which is the orbit 
that it will now proceed to describe, if no disturbing 
force continues to act), it is evident that the part c D 
must be described with a greater velocity than CD, 
inasmuch as the velocity at D from moving in cD is 
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greater than the velocity from moving in CD ; cD is, 
therefore, less curved than CD, and, therefore, exterior 
to it (since it has the same direction at D) ; and then 



Fig. 13. 




the periheKon is some point in the position of c, and the 
line of apses has changed its direction from S C to S c, 
or has twisted round in the same direction in which the 
planet is moving, or has progressed. 

(64) If the force act for a short time before passing 
aphelion, it will be seen in the same manner that the 
line of apses is made to progress. It is only necessary 
to consider that (as before) the new orbit has the same 
direction at the point H, fig. 14, where the force has 
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acted as the old one, but is less curved, and, therefore, 
exterior to it ; and the aphelion, or point most distant 
from the sun, is g instead of G, and the position of the 
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line of apses has shifted from S G to S^. If the force 
act after the planet has passed aphelion, as at K, fig. 15, 
the orbit in which we must conceive the planet to 
have come, in order to have the increased velocity. 
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must be ^ K exterior to G K, the point most distant 
from the sun must be g instead of G, and the line of 
apses must have changed from S G to S^, or must have 
regressed. 

(65.) Collecting these conclusions,* we see that, if a 
disturbing force act perpendicularly to the radius 
vector, in the direction in which the planet is moving, 
its action, while the planet passes from perihelion to 
aphelion, causes the line of apses to progress ; and its 
action, while the planet passes from aphelion to peri- 
helion, causes the apses to regress. 

(66.) By similar reasoning, if the direction of the 
disturbing force is opposite to that in which the planet 
is moving, its action, while the planet passes from 
perihelion to aphelion, causes the line of apses to 

* These ooDclnsions, and those that foUow, wiU be easily inferred 
from Newton's oonstruction, Prop. XYIl^ by obserying, that an 
increase of the Telocity increases the length of P H in Newton's figurs 
without altering its position. 
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regress, and while the planet passes from aphelion 
to perihelion causes the apses to progress. 

(67.) (XL) For the effect, on the excentricity ; suppose 
the disturbing force, increasing the velocity, to act 
for a short time at perihelion ; the effect is the same 
as if the planet were projected from perihelion with 
a greater velocity than that which would cause it to 
describe the old orbit. The sun's attraction, there- 
fore, will not be able to pull it into so small a com- 
pass as before ; and at the opposite part of its orbit, 
that is, at aphelion, it will go off to a greater distance 
than before ; but as it is moving without disturbance, 
and, therefore, in an ellipse, it will return to the 
same perihelion. The perihelion distance, therefore, 
remaining the same, and the aphelion distance being 
increased, the inequality of these distances is in- 
creased, and the orbit, therefore, is made more excen- 
tric. Now, suppose the force increasing the velocity 
to act at aphelion. Just as before, the sun's attrac- 
tion will be unable to make the planet describe an 

: orbit so small as its old orbit, and the distance at the 
opposite point (that is, at perihelion) will be increased ; 
but the planet will return to the same aphelion dis- 
tance as before. Here, then, the inequality of 
distances is diminished, and the excentricity is 
diminished. 

(68.) Thus we see that a disturbing force, acting 
perpendicularly to the radius vector, in the direction of 
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the planet's motion, increases the excentricity if it acts 
on the planet near perihelion, and diminishes the 
excentricity if it acts on the planet near aphelion. 
And, similarly, if the force acts in the direction oppo- 
site to that of the planet's motion, it diminishes the 
excentricity by acting near perihelion, and increases it 
by acting near aphelion. 

(69.) (XII.) In all these investigations, it is supposed 
that the disturbing force acts for a very short time, 

. and then ceases. In future, we shall have to con- 
sider the effect of forces, which act for a long time, 
changing in intensity, but not ceasing. To estimatiB 
their effect we must suppose the long time divided 
into a great number of short times ; we must then 
infer, from the preceding theorems, how the elements 
of the instcmtaneovs ellipse (43.) are changed in each 
of these short times by the action of the force, which 
is then disturbing the motion; and we must then 
recollect, that the instantaneous ellipse, at the end of 
the long time under consideration, will be the same 
as the permanent ellipse in which the planet will 
move, if the disturbing force then ceases to act (43.), 
and that it will, at all events, differ very little from 
the curve described in the next revolution of the 
planet, even if the disturbing force continue to 
act (41.). 
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Section IV. — On the Nature of the lorce disturbing a 
Planet or Satellite, produced by the Attraction of other 
Bodies, 

(70.) Having examined the eflfects of disturbing forces 
upon the elements of a planet's or satellite's orbit, we 
have now to inquire into the kind of the disturbing 
force which the attraction of another body produces. 
The inquiry is much simpler than might at first sight 
be expected; and this simplicity arises, in part, from 
the circumstance that (as we have mentioned in (6.) ) 
the attraction of a planet upon the sun is the same as 
its attraction upon another planet, when the sun and 
the attracted planet are equally distant from the 
attracting planet. 

(71.) First, then, we have to remark, that the dis- 
turbing force is not the whole attraction. The sun, for 
instance, attracts the moon, and disturbs its elliptic 
motion round the earth ; yet the force which disturbs 
the moon's motion is not the whole attraction of the 
sun upon the moon. For the effect of the attraction is 
to move the moon from the place where it would other- 
wise have been ; but the sim's attraction upon the earth 
also moves the earth from the place where it would 
otherwise have been ; and if the alteration of the earth's 
place is exactly the same as the alteration of the moon's 
place, the relative situation of the earth and moon will 
be the same as before. Thus if, in fig. 16, any attrac- 
tion parries the earth from E to «, and carries the moon 
from M to m, and if E e is equal and parallel to M m, 
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then e m, which is the distance of the earth and moon, 
on the supposition that the attraction acts on both, is 
equal to E M, which is their distance, on the supposition 
that the attraction acts on neither ; and the line e m. 
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which represents the direction in which the moon is seen 
from the earth, if the attraction acts on both, is parallel 
to E M, which represents the direction in which the 
moon is seen from the earth, if the attraction acts on 
neither. The distance, therefore, of the earth and moon, 
and the direction in which the moon is seen from the 
earth, being unaltered by such a force, their relative 
situation is imaltered. An attraction, therefore, which 
acts equally, and in the same direction, on both bodies, 
does not disturb their relative motions. 

From this we draw the two following important con- 
clusions : — 

(72.) Firstly. A planet may revolve round the sun, 
carrying with it a satellite, and the satellite may 
revolve round the planet in nearly the same manner 
as if the planet was at rest. For the attraction of the 
sun on the planet is nearly the same as the attraction 
of the sun on the satellite. It is true that they are 
not exactly the same, and the effects of the difference 

£ 
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will soon form an important subject of inquiry ; but 
they are, upon the whole, very nearly the same. The 
moon is sometimes nearer to the sim than the earth 
is, and sometimes farther from the sun ; and, therefore, 
the sun's attraction on the moon is sometimes greater 
than its attraction on the earth, and sometimes less ; 
but, upon the whole, the inequality of attractions is 
very small. It is owing to this that we may consider 
a satellite as revolving round a planet in very nearly 
the same manner (in respect of relative motion) as if 
there existed no such body as the sun. 
(73.) Secondly. The force which disturbs the motion 
of a satellite, or a planet, is the difference of the 
forces (measured as in (4.), by the spaces through 
which the forces draw the bodies respectively) which 
act on the central and the revolving body. Thus, if 
the moon is between the sun and the earth, and if the 
sun's attraction in a certain time draws the earth 

200 inches, and in the same time draws the moon 

201 inches, then the real disturbing force is the force 
which would produce in the moon a motion of one 
inch from the earth. 

(74.) In illustrating the second remark, we have 
taken the simplest case that can well be imagined. If, 
however, the moon is in any other situation with respect 
to the earth, some complication is introduced. Not 
only is the moon's distance from the sun different from 
the earth's distance (which according to (9.) produces an 
inequality in the attractions upon the earth and, moon). 
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but also the direction in which the attraction acts on 
the earth is different from the direction in which it 
acts on the moon (inasmuch as the attraction always 
acts in the direction of the line drawn from the attracted 
body to the attracting body ; and the lines so drawn from 
the earth and moon to the sun are in different direc- 
tions). The same applies in every respect to the pertur- 
bation which one planet produces in the motion of a 
second planet round the sun, and which depends upon 
the difference in the first planet's attractions upon the 
Sim and upon the second planet To overcome this diffi- 
culty, we must have recourse to geometrical considera- 
tions. In fig. 17, let Bi be a body revolving about A,. 

Fio. 17. 




and let C be another body whose attraction disturbs the 
motion of B^ round A. The attraction of C will in a 
certain time draw A to a ; it will in the same time draw 
Bi to hi. Make B^ di equal and parallel to A a ; then 
a di will be equal and parallel to A Bi. Now if the 
force upon Bi were such as to draw it to di, the motion 
of Bi round A would not be disturbed by that force. 
But the force upon Bi is really such as to draw it to ftj. 
The real disturbing force then may be represented as a 
force which draws the revolving body from di to bi. If, 
instead of supposing the revolving body to be at Bi, we 

E 2 
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suppose it at Bj, and if the attraction of C would draw 
it through B2 63 while it draws A through A a, then (in 
the same manner, making B2 d^ equal and parallel to 
A a) the real disturbing force may be represented by a 
force which in the same time would draw B2 through d^ 62* 
(75.) Both the magnitude and the direction of this 
force are continually varying, and we must, if possible, 
find a convenient way of representing it. We shall 
have recourse here to the " composition of motion." In 
fig, 18, if dh represent the space through which a force 



Fig. 18. 



a 
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has drawn a body in a certain time, the same effect may 
be produced by two forces of which one would in the 
same time draw the body from d to e, and the other 
would in the same time draw the body from e to &. 
And this is true whatever be the directions and lengths 
Qti de and e b, provided that with d b they form a tri- 
angle. To accommodate the investigations of this 
Section to those of Section III., we will suppose de 
perpendicular to the radius vector, and eb parallel to 
the radius vector. In fig. 17, draw de perpendicular to 
AB or ad, and eb parallel to AB or ad; and now we 
can say : the disturbing force produced by the attraction 
of C is a force represented hy de perpendicular to the 
radius vector, and a force represented by e 6 in the 
direction of the radius vector. 

(76.) We now want nothing but estimations of the 
magnitudes of these forces in order to apply the investi- 
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gations of Section III. For the present we shall con- 
tent ourselves with pointing out some of the most 
interesting cases. 

(77.) I. Let the disturbing body be exterior to the orbit 
of the disturbed body (this applies to the disturbance 
of the moon's motion produced by the sun's attrac- 
tion, the disturbance of the earth's motion by Jupi- 
ter's attraction, the disturbance of the motion of 
Venus by the earth's attraction, &c.) : and first, let 
the revolving body B be between the disturbing 
body C and the central body A (as in fig. 19). If the 

Fig. 19. c b dB a A 

» A A * * * 
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attraction of C will in a certain time draw A to a, 
it will in the same time draw B to &, where B 6 is 
much greater than A a. Take B d equal to A a, then 
dbia the effect of the disturbing force, which tends to 
draw B further from A. In this case, then, the dis- 
turbing force is entirely in the direction of the radius 
vector, and directed from the central body. This is the 
greatest disturbing force that can be produced by C. 
(78.) II. Let CAB (fig. 20) be in the same straight 
line, but let B be on the side of A, opposite to C. In 
this case B& is less than Aa; and if Bd is taken 

Fig. 20. c a A dB 

b 

equal to A a, the disturbing force represented by d 6 
will be entirely in the direction of the radius vector, 
and directed from the central body. This case is 



54 GRAVITATION 

particularly deserving of the reader's consideration, as 
the effectual disturbing force is exactly opposite to 
the attraction which C actually exerts upon B. 
(79.) III. The disturbing force, in the case represented 
in fig. 19, is much greater than that in the case of 
fig. 20, except C be very distant. Thus, suppose A B 
to be half of A C. In the first case, the attraction 
upon B (by the law of gravitation) is four times as 
great as the attraction upon A, and therefore the dis- 
turbing force (which is the difference of the forces on 
A and B) is three times as great as the attraetion 
upon A. In the second case, the distance of B is -I of 
the distance of A, and therefore the attraction upon 
B is 1^ of the attraction upon A, and the disturbing 
force is -1^ of the attraction upon A. The disturbing 
force in the first case is, therefore, greater than in the 
second case, in the proportion of 3 to -f^, or 27 to 5. 
This remark applies to nearly all the cases of pla- 
netary disturbance where the disturbing planet is 
exterior to the orbit of the disturbed planet, the ratio 
between these distances from the sun being a ratio of 
not very great inequality. But it scarcely applies to 
the moon. For the sun's distance from the earth is 
nearly 400 times the moon's distance : consequently 
when the moon is between the sun and the earth, 
. the attraction of the sun on the moon is (-Hf)^ X the 
attraction of the sun on the earth, or 44§-i-§T parts of 
the sun's attraction on the earth, and the disturbing 
force therefore is ^ ^^^^ ^ parts of the sun's attraction 
on the earth: but when the moon is on that side 
farthest from the sun, the sun's attraction on the 
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moon is (4^)' or }gggg^ parts of the sun's attraction 
on the earth, and the disturbing force is t /qVo i parts 
of the sun's attraction on the earth, which is very 
little less than the former. The effects of the dif- 
ference are, however, sensible. 

Fig. 21. 

c a A 

\ 
(80.) rV. Suppose B, fig. 2^, to be in that part of its 

orbit which is at the same distance from C as the 
distance of A from C. The attraction of C upon the 
two other bodies, whose distances are equal, will be 
equal, but not in the same direction. B b, therefore, 
will be equal to A a. But since C B is also equal to 
C A, it is evident that a b will be parallel to A B, 
and therefore b will be in the line a d. Consequently 
in this case also the disturbing force will be entirely 
in the direction of the radius vector ; but here, unlike 
the other cases, the disturbing force is directed 
towards the central body. The magnitude of the 
disturbing force bears the same proportion to the 
whole attraction on A which b d bears to B J, or A B 
to A C. Thus, in the first numerical instance taken 
above, the disturbing force in this part of the orbit is 
^ of the attraction on A : and in the second nume- 
rical instance, the disturbing force is ^^ of the 
attraction on A. It is important to observe that in 
both instances the disturbing force, when wholly 
directed to the centre, is much less than either value 
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of the disturbing force when wholly directed from 
the centre : in the latter instance it is almost exactly 
one-half. 

(81.) When the disturbing body is distant, the point 
of the orbit which we have here considered is very 
nearly that determined by drawing A B perpendicular 
toCA. 

(82.) V. When C is distant (as in the case of the 
moon disturbed by the sun), the disturbing forces 
mentioned in (III.) and (IV.) are nearly propor- 
tional to the distance of the moon from the earth. 
For the force mentioned in (IV.) this is exactly true, 
whether C be near or distant, because (as we have 
foimd) the disturbing force bears the same propor- 
tion to the whole attraction on A which A B bears to 
A C. With regard to the force mentioned in (III.) ; 
if we suppose the moon's distance from the earth to 
b® T^ of the sun's distance, the disturbing force 
when the moon is between the earth and the sun is 
Ti^VoT parts of the sim's attraction on the earth, or 
nearly -g-J-oth part. But if we suppose the moon's 
distance from the earth to be -^^ of the sun's 
distance, the attraction on the moon (when between 
the earth and the sun) would be (-H^)^ or |-f f?-?- 
parts of the attraction on the earth ; the disturbing 
force, or the difference of attractions on the earth and 
moon, would be -g-fl^, or nearly -pj-oth part of the 
sun's attraction on the earth. Thus, on doubling 
the moon's distance from the earth, the disturbing 
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force is nearly doubled : and in the same manner, on 
altering the distance in any other proportion, we 
should find that the disturbing force is altered ixi 
nearly the same proportion. 

(83.) VI. If, while the moon's distance from the earth 
is not sensibly altered, the earth's distance from the 
sun is altered, the disturbing force is diminished 
very nearly in the same ratio in which the cube 
of the sun's distance is increased. For if the sun's 
distance is 400 times the moon's distance, and the 
moon between the earth and the sun, we have seen 
that the disturbing force is nearly -y^th part of the 
sun's attraction on the earth at that distance of 
the mn. Now, suppose the sun's distance from the 
earth to be made 800 times the moon's distance, 
or twice the former distance : the sun's distance 
from the moon will be 799 times the moon's dis- 
tance, or ^% parts of the sun's former distance from 
the earth; the attractions on the earth and moon 
respectively will be ^ and jgnSi parts of the 
former attraction on the earth: and the disturb- 
ing force, or the difference between these, will be 
gi>V3Vo4 > or nearly i ^\ ^t h part of the former attrac- 
tion of the earth. Thus, on doubling the sun's 
distance, the disturbing force is diminished to -|-th 
part of its former value; and a similar proposition 
would be foimd to be true if the sim's distance were 
altered in any other proportion. 

(84.) VII. Suppose B to have moved from that part of 
its orbit where its distance from C is equal to A's 
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distance from C, towards the part where it is between 
A and C. Since at the point where B's distance from 
C is equal to A's distance from C, the disturbing 
force is in the direction of the radius vector, and 
directed towards A, and since at the point where B 
is between A and C, the disturbing force is in the 
direction of the radius vector, but directed from A, 
it is plain that there is some situation of B, between 
these two points, in which there is no disturbing force 
at all in the direction of the radius vector. On this 
we shall not at present speak further ; but we shall 
remark that there is a disturbing force perpendicular 
to the radius vector, at every such intermediate point. 
This will be easily seen from the second case of 
fig. 17. On going through the reasoning in that 
place it will appear that, between the two points that 
we have mentioned, there is always a disturbing force 
da ^ perpendicular to the radius vector, and in the 
same direction in which the body is going. If now 
we construct a similar figure for the situation B3, 




fig. 22, in which B is moving from the point between 
C and A to the other point whose distance from C is 
equal to A's distance from C, we shall find that there 
is a disturbing force d^ e^ perpendicular to the radius 
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vector, in the direction opposite to that in which B 
is going. If we construct a figure for the situation 
B4 in which B is moving from the point of equal dis- 
tances, to the point where B is on the side of A 
opposite to C, we shall see that there is a disturbing 
lorce perpendicular to the radius vector, in the same 
direction in which B is going ; and in the same 
manner, for the situation Bi, in fig. 17, where B is 
moving from the point on the side of A opposite C 
to the next point of equal distances, there is a dis- 
turbing force perpendicular to the radius vector, in 
the direction opposite to that in which B is going. 

(85.) The results of all these cases may be collected 
thus. The disturbing body being exterior to the orbit of 
the revolving body, there is a disturbing force in the 
direction of the radius vector only, directed from the 
central body, at the points where the revolving body is 
on the same side of the central body as the disturb- 
ing body, or on the opposite side (the force in the 
former case being the greater), and directed to the central 
body, at each of the places where the distance from the 
disturbing body is equal to the distance of the central 
body from the disturbing body. The force directed to 
the central body at the latter points is, however, much 
less than the force directed from it at the former. 
Between the adjacent pairs of these four points there 
are four other points, at which the disturbing force in 
the direction of the radius vector is nothing. But while 
the revolving body is moving from one of the points, 
where it is on the same side of the central body as the 



60 GRAVITATION. 

disturbing body, or on the opposite side, to one of the 
equidistant points, there is always a disturbing force 
perpendicular to the radius vector tending to retard it ; 
and while it is moving from one of the equidistant 
points to one of the points on the same side of the cen- 
tral body as the disturbing body, or the opposite, there 
is a disturbing force perpendicular to the radius vector 
tending to accelerate it. 

(86.) VIII. Now let the disturbing body be supposed 
interior to the orbit of the revolving body (as, for 
instance, when Venus disturbs the motion of the 
earth). If B is in the situation B^, fig. 23, the 

•^- 
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attraction of C draws A strongly towards Bi, and 
Bi strongly towards A, and, therefore, there is a very 
powerful disturbing force drawing Bi towards A. If 
B is in the situation B3, the attraction of C draws A 
strongly from B3, and draws B3 feebly towards A. ; 
therefore, there is a smaU disturbing force drawing B3 
from A. At some intermediate points the disturbing 
force in the direction of the radius vector is nothing. 
With regard to the disturbing force perpendicular to 
the radius vector : If A C is greater than -J- A Bj, it will 
be possible to find two points, B2 and B4, whose dis- 
tance from C is equal to the distance of A from C, 
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and there the disturbing force perpendicular to the 
radius vector is nothing (or the whole disturbing 
force is in the direction of the radius vector). While 
B moves from the position Bj to Bg, it will be seen 
by such reasoning as that of (75.) and (84), that the 
disturbing force, perpendicular to the radius vector, 
retards B's motion ; while B moves from Ba to Bg, it 
accelerates B's motion ; while B moves from B3 to B4 
it retards B's motion ; and while B moves from B4 to 
Bi, it accelerates B's motion. But if A C is less than 
4- A Bi, there are no such points, Bg B4, as we have 
spoken of; and the disturbing force, perpendicular to 
the radius vector, accelerates B as it moves fix)m 
Bi to B3, and retards B as it moves from Bo to Bi. 

We shall now proceed to apply these general principles 
to particular cases. 

Section V. — Imnar Theory. 

(87.) The distinguishing feature in the Lunar Theory 
is the general simplicity occasioned by the great dis- 
tance of the disturbing body (the sim alone producing 
any sensible disturbance), in proportion to the moon's 
distance from the earth. The magnitude of the dis- 
turbing body renders these disturbances very much 
more conspicuous than any others in the solar system ; 
and, on this account, as well as for the accuracy with 
which they can be observed, these disturbances have, 
since the invention of the Theory of Gravitation, been 
considered the best tests of the truth of the theory. 
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Some of the disturbances are independent of the 
excentricity of the moon's orbit; others depend, in 
a very remarkable maimer, upon the excentricity. We 
shaU commence with the former. 

(88.) The general nature of the disturbing force on 
the moon may be thus stated. (See (77.) to (86.). ) 
When the moon is either at the point between the 
earth and sun, or at that opposite to the sun (both 
which points are called syzygies), the force is entirely 
in the direction of the radius vector, and directed from 
the earth. When the moon is (very nearly) in the 
situations at which the radius vector is perpendicular 
to the Une joining the earth and sun (both which points 
are called quadratures), the force is entirely in the 
direction of the radius vector, and directed to the 
earth. At certain intermediate points there is no 
disturbing force in the direction of the radius vector. 
Except at syzygies and quadratures, there is always 
a force perpendicular to the radius vector, such as 
to retard the moon while she goes from syzygy to 
quadrature, and to accelerate her while she goes from 
quadrature to syzygy. 

(89.) I. As the disturbing force, in the direction of the 
radius vector, directed from the earth, is greater than 
that directed to the earth, we may consider that, 
upon the whole, the effect of the disturbing force 
is to diminish the earth's attraction. Thus the 
moon's mean distance from the earth is less (see 
(46.) ) than it would have been with the same 
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periodic time, if the sun had not disturbed it. The 
force perpendicular to the radius vector sometimes 
accelerates the moon, and sometimes retards it, and, 
therefore, produces no permanent effect. 
(90.) II. But the sun's distance from the earth is 
subject to alteration, because the earth revolves in 
an elliptic orbit roimd the sun. Now, we have seen 
(83.) that the magnitude of the disturbing force is 
inversely proportional to the cube of the sun's dis- 
tance ; and, consequently, it is sensibly greater when 
the earth is at perihelion than when at aphelion. 
Therefore, while the earth moves from perihelion 
to aphelion, the disturbing force is continually dimi- 
nishing ; and while it moves from aphelion to peri- 
helion, the disturbing force is constantly increasing. 
Eeferring then to (47.) it wiU be seen that in the 
former of these times the moon's orbit is gradually 
diminishing, and that in the latter it is gradually 
enlarging. And though this alteration is not great 
(the whole variation of dimensions, from greatest to 
least, being less than t^)> ^^^ effect on the angular 
motion (see (49.) ) is very considerable ; the angular 
velocity becoming quicker in the former time and 
slower in the latter ; so that while the earth moves 
from perihelion to aphelion, the moon's angular 
motion is constantly becoming quicker, and while 
the earth moves from aphelion to perihelion the 
moon's angular motion is constantly becoming slower. 
Now, if the moon's mean motion is determined by 
comparing two places observed at the interval of 
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many years, the angular motion so found is a mean 
between the greatest and least. Therefore, when the 
earth is at perihelion, the moon's angular motion 
is slower than its mean motion ; and when the earth 
is at aphelion, the moon's angular motion is quicker 
than its mean motion. Consequently, while the 
earth is going from perihelion to aphelion, the moon's 
true place is always behind its mean place (as during 
the first half of that period the moon's true place 
is dropping behind the mean place, and during the 
latter half is gaining again the quantity which it had 
dropped behind) ; and while the earth is going from 
aphelion to perihelion, the moon's true place is 
always before its mean place. This inequality 
is called the moon's annual equation; it was disco- 
vered by Tycho Brahe from observation, about 
A.D. 1590; and its greatest value is about 10', by 
which the true place is sometimes before and 
sometimes behind the mean place. 
(91.) III. The disturbances which are periodical in 
every revolution of the moon, and are independent 
of excentricity, may thus be investigated. Suppose 
the sun to stand still for a few revolutions of the 
moon (or rather suppose the earth to be stationary), 
and let us inquire in what kind of orbit, symmetrical 
'^^^^^ on opposite sides, the sun can move. It cannot 
move in a circle : for the force perpendicular to the 
radius vector retards the moon as it goes from B^ 
to Ba, fig. 24, and its velocity is, therefore, less at Bg 
than at Bi, and on this account (supposing the foyce 
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directed to A at B2 equal to the force directed to A at 
Bi), the orbit would be more curved at B2 than at Bj. 
But the force directed to A at B2 is much greater 
than that at Bi (see (88.) ) ; and on this account the 

B4 
Pig. 24. /^ X 

Bif • Jbs 

B2 

orbit would be still more curved at B2 than at Bj ; 
whereas, in a circle, the curvature is everywhere the 
same. The orbit cannot, therefore, be circular 
Neither can it be an oval with the earth in its 
centre, and with its longer axis passing through the 
sun, as fig. 25; for the velocity being small at B 

Fig. 25. B4 

b/ ^ JBs 
Ba 

(in consequence of the disturbing force perpendicular 
to the radius vector having retarded it), while the 
earth's attraction is great (in consequence of the 
nearness of B2), and increased by the disturbing 
force in the radius vector directed towards the earth, 
the curvature at Ba ought to be much greater than at 
Bi, where the velocity is great, the moon fer off, and 
the disturbing force directed from the earth. But, on 
the contrary, the curvature at Ba is much less than 
at Bi ; therefore, this form of orbit is not the true 
one. But if the orbit be supposed to be oval, with 

I* 
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its shorter axis directed towards the sun, as in 
fig. 26, all the conditions will be satisfied. For 
the velocity at Ba is diminished by the disturbing 

Fig. 26. ' ^^ 
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force having acted perpendicularly to the radius 
vector, while the moon goes from Bj to Ba; and 
though the distance from A being greater, the earth's 
attraction at Ba will be less than the attraction at 
Bi; yet, when increased by the disturbing force, 
directed to A at Bj, it will be" very little less than 
the attraction diminished by the disturbing force 
at Bi. The dimunition of velocity then at Ba being 
considerable, and the diminution of force small, the 
curvature will be increased; and this increase of 
curvature, by proper choice of the proportions of the 
oval, may be precisely such as corresponds to the 
real difference of curvature in the different parts of 
the oval. Hence, such an oval may be described by 
the moon without alteration in successive revolutions. 

(92.) We have here supposed the earth to be sta- 
tionary with respect to the sun. If, however, we take 
the true case of the earth moving round the sun, or the 
sun appearing to move round the earth, we have only 
to suppose that the oval twists round after the sun, and 
the same reasoning applies. The curve described by 
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the moon is then such as is represented in fig. 27. As 
the disturbing force, perpendicular to the radius vector, 
acts in the same direction for a longer time than in the 



Fig. 27. 




former case, the difference in the velocity at syzygies 
and at quadratures is greater than in the former case, 
and this will require the oval to differ from a circle, 
rather more than if the sim be supposed to stand still. 

(93.) K, now, in such an orbit as we have mentioned, 
the law of v/niform description of areas hy the radius 
vector were followed, as it would be if there were no 
force perpendicular to the radius vector, the angular 
motion of the moon near Ba and B4, fig. 26, would be 
much less than that near Bi and B3. But in conse- 
quence of the disturbing force, perpendicular to the 
radius vector (which retards the moon from Bi to Ba, 
and from B3 to B4, and accelerates it from Ba to B3, and 
from B4 to Bi), the angular motion is still less at Ba and 
B4, and still greater at Bi and B3. The angular motion, 
therefore, diminishes considerably while the moon moves 
from Bi to Ba, and increases considerably while it moves 
from Ba to B3, &c. The mean angular motion, deter- 
mined by observation, is less than the former and 
greater than the latter. Consequently, the angular 
motion at Bj is greater than the mean, and that at Ba is 
less than the mean ; and therefore (as in (90.) ), from B^ to 

F 2 
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B2 the moon's true place is before the mean ; from Ba to 
B3 the true place is behind the mean ; from B3 to B4 the 
true place is before the mean ; and from B4 to Bi the 
true place is behind the mean. This inequality is called 
the moon's variation ; it amounts to about 32^, by which 
the moon's true place is sometimes before and some- 
times behind the mean place. It was discovered by 
Tycho, from observation, about A.D. 1590. 

(94) We have, however, mentioned, in (79.), that the 
disturbing forces are not exactly equal on the side of 
the orbit which is next the sun, and on that which is 
farthest from the sun ; the former being rather greater. 
To take account of the effects of this difference, let us 
suppose, that in the investigation just finished, we use a 
mean value of the disturbing force. Then we must, to 
represent the real case, suppose the disturbing force 
near conjunction to be increased, and that near opposi- 
tion to be diminished. Observing what the nature of 
these forces is (77.), (78.), and (84.), this amounts to 
supposing that near conjunction the force necessary to 
make up the difference is a force acting in the radius 
vector, and directed from the earth, and a force per- 
pendicular to the radius vector, accelerating the moon 
before conjunction, and retarding her after it, and that 
near opposition the forces are exactly of the contrary 
kind. Let us then lay aside the consideration of all 
other disturbing forces, and consider the inequality 
which these forces alone will produce. As they are 
very small, they will not in one revolution alter the 
orbit sensibly from an elliptic form. What, then, must 
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be the excentricity, and what the position of the line of 
apses that, with these disturbing forces only, the same 
kind of orbit may always be described ? A very little 
consideration of (57.), (58.), and (68.), will show, that 
unless the line of apses pass through the sun, the excen- 
tricity will either be increasing or diminishing from the 
action of these forces. We must assume, therefore^ as 
our orbit is to have the same excentricity at each revo- 
lution, that the line of apses passes through the sun. 
But is the perigee or the apogee to be turned towards 
the sun? To answer this question we have only to 
observe, that the line of apses must progress as fast as 
the sun appears to progress, and we must, therefore, 
choose that position in which the forces will cause pro- 
gression of the line of apses. If the perigee be directed 
to the sun, then the forces at both parts of the orbit 
will, by (51.), (54.), (65.), and (66.), cause the line of apses 
to regress. This supposition, then, cannot be admitted. 
But if the apogee be directed to the sun, the forces at 
both parts of the orbit will cause it to progress ; and 
by (56.), if a proper value is given to the excentricity, it 
will progress exactly as fast as the sun appears to pro- 
gress. The effect, then, of the difference of forces, of 
which we have spoken, is to elongate the orbit towards 
the sun, and to compress it on the opposite side. This 
irregularity is called the parallactic ineguality. 

We shall shortly show, that if the moon revolved in 
such an elliptic orbit as we have mentioned, the effect 
of the other disturbing forces (independent of that dis- 
cussed here) would be to make its line of apses progress 
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with a considerable velocity. The force considered here, 
therefore, will merely have to cause a progression which, 
added to that just mentioned, will equal the sun's appa- 
rent motion round the earth. The excentricity of the 
ellipse, in which it could produce this smaller motion, 
will (56.) be greater than that of the ellipse in which 
the same force could produce the whole motion. Thus 
the magnitude of the parallactic inequality is consider- 
ably increased by the indirect effect of the other dis- 
turbing forces. 

(95.) The magnitude of the forces concerned here is 
about TTo^^ of those concerned in (91.), &c. ; but the 
effect is about -rr^h of their effect. This is a striking 
instance of the difference of proportions in forces, and 
the effects that they produce, depending on the differ- 
ence in their modes of action. The inequality here dis- 
cussed is a very interesting one, from the circumstance 
that it enables us to determine with considerable accu- 
racy the proportion of the sun's distance to the moon's 
distance, which none of the others will do, as it is found, 
upon calculation, that their magnitude depends upon 
nothing but the excentricities and the proportion of the 
periodic times, all which are known without knowing 
the proportion of distances. 

(96.) The effect of this, it will be readUy understood, 
is to be combined with that already found. See the note 
to (134.) The moon's orbit, therefore, is more flattened on 
the side farthest from the sun, and less flattened on the 
side next the sun, than we found in (91.) and (92.). The 
equable description of areas is scarcely affected by these 
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forces. The moon's variation, therefore, is somewhat 
diminished near conjunction, and is somewhat increased 
near opposition. 

(97.) It will easily be imagined, that if there is an 
excentricity in the moon's orbit, the effect of the varia- 
tion upon that orbit will be almost exactly the same 
is if there were no excentricity.* Thus, supposing that 

* As this general proposition is of considerable importanoe, we shall 
point out the nature of the reasoning by which (with proper alteration 
for different cases), the reader may satisfy himself of its correctness. 
The reason why, in fig. 28, the moon cannot describe the circle Bp &2t 

Fig. 28. 




B,, &4, though it touches at B, and B,, and the reason that it will 
describe the oval B^, B,, B,, B4, is, that the disturbing force makes 
the forces at B^ and B, less than they would otherwise haye been, and 
greater at B, and B4 than they would otherwise haye been ; and the 
yelocity is, by that pajct of the force perpendicular to the radius yector, 
made less at B,, than it would otherwise haye been. So that, unless 
we supposed it moying at Bj with a greater yelocity than it would 
haye had, undisturbed, in the circle Bj, &,, B„ 64, the great curyature 
produced by the great force, and diminished yelocity at B,, would 
haye brought it much nearer to A than the point B, ; but with this 
large yelocity at B„ it will go out farther at B,, and then the great 
curyature may make it pass exactly through B,. In like manner, in 

Fig. 29. 




fig. 29, if the yelocity at B, were not greater than it would haye had, 
undisturbed, in the ellipse B^, h^ B„ &«, the increased curyature at B,, 
produced by the increased force and diminished yelocity there, would 
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the orbit without the disturbing force, had such a form 
as the dark line in fig. 30, it will, with the disturbing 



Fio. 30. 




force, have such a form as the dotted line in that 
figure. The same must be understood in many other 
cases of different inequalities which affect the motion 
of the same body. 

(98.) IV. We now proceed with the disturbances 
dependent on the excentricity ; and, first, with the 
motion of the moon's perigee. In the first place, 
suppose that the perigee is on the same side as the 
sun* While the moon is near Bi, fig. 31, that is near 

Pio. 31. B4 

Ba 

perigee, the disturbing force is directed from A ; and 
consequently, by (51.), the line of apses regresses. 
While the moon is near B3, that is, near apogee, the 

have brought it much nearer to A than the point £, ; but with a large 
velocity at Bj it will go out at B, further than it would otherwise 
have gone out, and then the increased force and diminished velocity 
will curve its course so much, that it may touch the elliptic orbit at 
B, ; and so on. The whole explanation, in one case as much as in the 
other, depends entirely upon the difiference of the forces in the actual 
case, from the forces, if the moon were not disturbed. 
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disturbing force ia also directed from A, and, conse- 
quently, by (54,), the line of apses progresses. The 
question, then, now ia, which is the greater, the 
regress, when the moon is near Bi, or the progress, 
when it ia near Bj ? To answer this, we will remark 
that if the disturbing force, directed from A, were in- 
versely proportional to the square of the distance 
(and, consequently, less at B3 than at Bi), it would 
amount to exactly the same as if tlie attraction of A 
were altered in a given proportion ;* and in that case 

* The reBsoniQg in the text ina; be more full; stated tbua : If with 
the origioal attractive force of tlie earth there be combined aonther 
force, directed from tbe eartb, aiid always bearing the same ptoportian 
to the earth's original attraotioD, this combined force may be oonaLdeied 
in two ways : lat, aa a smaller attraction, alwaya proporliooal to the 
origiDri attraotion, or inversely proportioiml to the square of tlia 
dieiauce. 2nd, as the oiigiiml Bttraction, with a force anperadded, 
which may be treated as a disturbing force. The result of tbe first 
mode of oonsiilerBttou will bo, that thu moon will describe an ellipse, 
whose line of apses does noE move. TLo result of the secood mode of 
coneideratinn will be, that the instantaneous ellipse !,in which the 
moon would pruceud to move, if the additional force should coaso) will 
have ilB line of apses regressing, while the muoa is near perigee, and 
progiBasing while sbe ia near apogee. There is, however, no incon- 
grnity between tbe immobility of the line of apses in tbe first mode of 
consideiatioQ, and tbe progress or regress in tbe second ; because the 
line of apses of the instantaneouB ellipse in the second case, is an 
imaginary line, determined by Bupposiug the disturbing force to cease, 
and tbe moon to move undisturbed. At the apses, however, the line of 
apses must be tbe same in botb methods of CDUsideration ; since, 
whether tbe disturbing force cease or not, the perpendicularity of the 
direction of the motion to the radius vector determines tbe place of an 
Bpse. Consequently, while the moon moves from one apse to the 
other, the motions of the liue of apses in the second mode of consider- 
ation, must be such as to produce the same eSei-t on tbe position of the 
line of apses us in tbe jirst mode of cousiderution; that is, they must 
not have altered its pUce ; and beoce the progression at one time must 
bo exactly equal to the regression at the other time. 
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B would describe round A an ellipse, whose line of 
apses was invariable ; or the progression produced at 
Bg would be equal to the regression produced at B,. 
But, in fact, the disturbing force at B3 is to that at Bi 
in the same proportion as A B3 to A B^, by (82.), and, 
therefore, the disturbing force at B3 is greater than 
that at Bi ; and, consequently, much greater than that 
which would produce a progression equal to the 
regression produced at Bi ; and, therefore, the effects 
of the disturbing force at B3, predominate, and the 
line of apses progresses. The disturbing force 
directed to A in the neighbourhood of B2 and B4 
scarcely produces any efifect, as on one side of each of 
those points the effect is of one kind, and on the 
other side it is of the opposite kind (55.). 

(99.) The disturbing force directed from A, though 
the only one at Bi and B3, is not, however, the only one 
in the neighbourhood of B land B3. While the moon is 
approaching to Bi, the force perpendicular to the radius 
vector accelerates the moon, and therefore by (65.), as 
Bi is the place of perigee, the line of apses regresses ; 
when the moon has passed Bi, the force retards the 
moon, and therefore, by (66.), the line of apses still 
regresses. But when the moon is approaching B3, the 
force perpendicular to the radius vector accelerates the 
moon, and therefore, by (65.) and (66.), as B3 is the 
place of apogee, the line of apses progresses: when 
the moon has passed B3, the force retards the moon and 
the line of apses still progresses. The question now is. 
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whether the progression produced by the force perpen- 
dicular to the radius vector near B3, will or will not 
exceed the regression produced near Bi ? To answer 
this we must observe, that the rate of this progress or 
regress depends entirely upon the proportion * which 
the velocity produced by the disturbing force bears to the 

♦ Suppose, for facility of conception, that the force, perpendicnlar to 
the radius yector, acts in only one place in each quadrant between 
syzygies and quadratures. The portions of the orbit which are bisected 
by the line of syzygies wiU be described with greater velocity in conse- 
quence of this disturbance (abstracting all other causes) than the other 
portions. Now the curvature of any part of an orbit does not depend 
on the central force simply, or on the velocity, but on the relation 
between them; so that the same curve may be described either by 
leaving the central force unaltered and increasing the velocity in a 
given proportion, or by diminishing the central force in a corresponding 
proportion, and leaving the velocity unaltered. Consequently, in the 
case before us, the same curve will be described as if, without alteration 
of velocity, the central force were dindnished, while the moon passed 
through the portions bisected by the line of syzygies. If now the 
imaginary diminution of central force were in the same proportion 
(that is, if the real increase of velocity were in the same proportion) 
at both syzygies, which here coincide with the apses, the regression 
of the line of apses produced at perigee, would be equal to the 
progression produced at apogee. But the increase of velocity pro- 
duced by the force perpendicular to the radius vector near apogee, is 
much greater than that near perigee. First, because the force is 
greater, in proportion to tho distance. Second, because the time of 
describing a given small angle is greater in proportion to the square 
of the distance ; so that the acceleration produced while the moon 
passes through a given angle, is proportional to the cube of the 
distance. Third, because the velocity, which is increased by this 
acceleration, is inversely proportional to the distance; so that the 
ratio in which the velocity is increased is proportional to the fourth 
power of the distance. The effect at the greater distance, therefore, 
predominates over that at the smaller distance; and therefore, on 
the whole, the force perpendicular to the radius vector produces an 
effect similar to its apogeed effect ; that is, it causes the line of apses 
to progress. 
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velocity of the moon ; and since from Bj to B3, and from 
B3 to B4, the disturbing force is greater than that from 
B4 to Bi, and from Bi to Ba, and acts for a longer time 
(as by the law of equable description of areas, the moon 
is longer moving from Bj to B3 and B4, than from B4 to 
Bi and B2), and since the moon's velocity in passing 
through B2, B3, B4, is less than her velocity in 
passing through B4, Bi, Ba, it follows, that the effect 
in passing through B2, B3, B4, is much greater 
than that in passing through B4, Bi, and Bj. Con- 
sequently, the effect of this force also is to make the 
line of apses progress. 

(100.) On the whole, therefore, when the perigee is 
turned towards the sun, the line of apses progresses 
rapidly. And the same reasoning applies in every 
respect when the perigee is turned from the sun. 

(101.) In the second place, suppose that the line of 
apses is perpendicular to the line joining the earth and 
sun. The disturbing force at both apses is now directed 
to the earth, and consequently, by (50.) and (53.), while 
the moon is near perigee, the disturbing force causes the 
line of apses to progress, and while the moon is near 
apogee the disturbing force causes the line of apses to 
regress. Here, as in the last article, the effects at perigee 
and at apogee would balance if the disturbing force were 
inversely proportional to the square of the distance 
from the earth. But the disturbing force is really pro- 
portional to the distance from the earth: and, there- 
fore, as in (98.), the effect of the disturbing force while 
the moon is at apogee preponderates over the other ; and 
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therefore the force directed to the centre causes the Kue 
of apses to regress. 

(102.) We must also consider the force perpendicular 
to the radius vector. In this instance, that force retards 
the moon while she is approaching to each apse, and 
accelerates her as she recedes from it. The effect is, 
that when the moon is near perigee the force causes 
the line of apses to progress, and when near apogee 
it causes the line of apses to regress (65.) and (66.). The 
latter is found to preponderate, by the same reasoning 
as that in (99.). From the effect, then, of both causes 
the hne of apses regresses rapidly in this position of the 
line of apses. 

(103.) It is important to observe here, that the 
motion of the line of apses would not, as in (56.), be 
greater if the excentricity of the orbit were smaller. 
For though the motion of the line of apses is greater 
in proportion to the force which cavses it when the excen- 
tricity is smaller; yet, in the present instance, the 
force which causes it is itself proportional to the ex- 
centricity (inasmuch as it is the difference of the forces 
at perigee and apogee, which would be equal if there 
were no excentricity) : so that if the excentricity were 
made less, the force which causes the motion of the 
line of apses would also be made less, and the motion 
of the line of apses would be nearly the same as 
before. 

(104.) It appears then, that when the line of apses 
passes through the sun, the disturbing force causes that 
line to progress ; when the earth has moved round the 
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sun, or the sun has appeared to move round the earth, 
so far that the line of apses is perpendicular to the line 
joining the sun and the earth, the line of apses regresses 
from the effect of the disturbing force; and at some 
intermediate position, it may easily be imagined that 
the force produces no effect on it. It becomes now a 
matter of great interest to inquire, whether upon the 
whole the progression exceeds the regression. Now 
the force perpendicular to the radius vector, con- 
sidered in (99.), is almost exactly equal to that con- 
sidered in (102.) ; so that the progression produced by 
that force when the line of apses passes through the 
sun is almost exactly equal to the regression which it 
produces when the line of apses is perpendicular to the 
line joining the earth and sun; and this force may, 
therefore, be considered as producing no effect (except 
indirectly, as will be hereafter mentioned). But the 
force in the direction of the radius vector, tending from 
the earth in (98.), is, as we have mentioned in (80.), 
almost exactly double of that tending to the earth in 
(101.), and, therefore, its effect predominates : and, 
therefore, on the whole, the line of apses progresses. In 
fact, the progress, when the line of apses passes through 
the sun, is about 11° in each revolution of the moon ; 
the regress, when the line of apses is perpendicular to 
the line joining the earth and sun, is about 9° in each 
revolution of the moon. 

(105.) The progression of the line of apses of the 
moon is considerably greater than the first consideration 
would lead us to think, for the following reasons. 
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(106.) Firstly. The earth is revolving round the sun, 
or the sun appears to move round the earth, in the 
same direction in which the moon is going. This 
lengthens the time for which the sun acts in any 
one manner upon the moon, but it lengthens it more 
for the time in which the moon is moving slowly, 
than for that in which it is moving quickly. Thus ; 
suppose that the moon's angular motion when she is 
near perigee is fourteen times the sun's angular mo- 
tion : and when near apogee, only ten times the sun's 
motion. Then she passes the sun at the former time, 
(as seen from the earth), with 44ths of her whole 
motion, but at the latter with only -jS-ths; conse- 
quently, when near perigee, the time in which the 
moon passes through a given angle from the moving 
line of syzygies (or the time in which the angle 
between the sun and moon increases by a given quan- 
tity), is il-ths of the time in which it would have 
passed through the same angle had the sun been 
stationary ; when near apogee, the number expressing 
the proportion is y^ths. The latter number is greater 
than the former; and, therefore, the effect of the 
forces acting near apogee is increased in a greater 
proportion than that of the forces acting near perigee. 
And as the effective motion of the line of apses is 
produced by the excess of the apogeal effect above 
the perigeal effect, a very small addition to the 
former will bear a considerable proportion to the 
effective motion previously found ; and thus the effec- 
tive motion will be sensibly increased. 
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(107.) Secondly. When the line of apses is directed 
toward the sun, the whole eflfect of the force is to make 
it progress, that is, to move in the same direction as 
the sun: the sun passes through about 27° in one 
revolution of the moon, and therefore departs only 
16° from the line of apses ; and therefore the apse 
continues a long time near the sun. When at right 
angles to the line joining the earth and sun, the 
whole effect of the force is to make it regress, and 
therefore, moving in the direction opposite to the 
sun's motion, the angle between the sun and the line 
of apses is increased by 36° in each revolution, and 
the line of apses soon escapes from this position. The 
effect of the former force is therefore increased, while 
that of the latter is dim i nished : and the preponderance 
of the former is much increased. It is in increasing 
the rapidity of progress at one time, and the rapidity of 
regress at another, that the force perpendicular to the 
radius vector indirectly increases the effect of the 
former in the maimer just described. 

(108.) From the combined eflfect of these two causes 
the actual progression of the line of apses is nearly 
double of what it would have been if, in diflferent revo- 
lutions of the moon, different parts of its orbit had been 
equally subjected to the disturbing force of the sun. 

(109.) The line of apses upon the whole, therefore, 
progresses ; and (as calculation and observation agree in 
showing) with an angular velocity that makes it (on the 
average) describe 3° in each revolution of the moon, and 
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that carries it completely round in nearly nine years. 
But as it sometimes progresses and sometimes regresses 
for several months together, its motion is extremely 
irregular. The general motion of the line of apses has 
been known from the earUest ages of astronomy. 

(110.) V. For the alteration of the excentricity of the 
moon's orbit: first, let us consider the orbit in the 
position in which the line of apses passes through 
the sun, fig. 31. While the moon moves from Bi. (the 
perigee), to B3 (the apogee), the force in the direction 
of the radius vector is sometimes directed to the 
earth, and sometimes from the earth, and therefore, 
by (57.) and (59.), it sometimes diminishes the excen- 
tricity and sometimes increases it. But while the 
moon moves from B3 to Bi, there are exactly equal 
forces acting in the same manner at corresponding 
parts of the half-orbit, and these, by (58.), will pro- 
duce effects exactly opposite. On the whole, there- 
fore, the disturbing force in the direction of the 
radius vector produces no effect on the excentricity. 
The force perpendicular to the radius vector increases 
the moon's velocity when moving from B4 to Bj, 
and diminishes it when moving from Bi to B2; in 
moving, therefore, from B4 to Bi, the excentricity is 
increased (65.), and in moving from Bi to B2, it is as 
much diminished (66.). Similarly in moving from 
B2 to B3, the excentricity is diminished^ and in 
moving from B3 to B4, it is as much increased. This 
force, therefore, produces no effect on the excentricity. 

G 
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On the whole, therefore, while the line of apses 
passes through the sun, the disturbing forces produce 
no effect on the excentricity of the moon's orbit. 

(111.) When the line of apses is perpendicular to the 
line joining the earth and sun, the same thing is true. 
Though the forces near perigee and near apogee are not 
now the same as in the last case, their effects on dif- 
ferent sides of perigee and apogee balance each other in 
the same way, 

(112.) But if the line of apses is inclined to the line 
joining the earth and sun, as in fig. 32, the effects of the 
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forces do not balance. While the moon is near B4, and 
near B2, the disturbing force in the radius vector is 
directed to the earth ; at B4, therefore (58.), as the moon 
is moving towards perigee, the excentricity is increased ; 
and at B^ as the moon is moving from perigee, the 
excentricity is diminished. From the slowness of the 
motion at B2 (which gives the disturbing force more 
time to produce its effects), and the greatness of th^ 
force, the effect at B2 will preponderate, and the com- 
bined effects at B2 and B4 will diminish the excen- 
tricity. This will appear from reasoning of the same 
kind as that in (98.). At Bi and B3, the force in the 
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Tadius vector is directed from the earth : at Bi, there- 
fore, by (59.), as the moon is moving from perigee, the 
excentricity is increased, and at B3 it is diminished : 
but from the slowness of the motion at B3 and the mag- 
nitude of the force, the effect at E3 will preponderate, 
and the combined effects at Bj and B3 will diminish the 
excentricity. On the whole, therefore, the force in the 
direction of the radius vector diminishes the excen- 
tricity. The force perpendicular to the radius vector 
retards the moou from Bj to B3, but the first part of this 
motion may be considered near perigee, and the second 
near apogee, and, therefore, in the first part, it di- 
miniahes the excentricity, and in the second increases 
it ; and the whole effect from E, to B, is very small. 
Similarly the whole effect from B3 to B4 is very small. 
But from B4 to Bi, the force accelerates the moon, and 
therefore, by (68.) (the moon being near perigee), in- 
creases the excentricity ; and from Bj to B3, the force 
also accelerates the moon, and by (68.) (the moon being 
near apogee), diminishes the excentricity ; and the effect 
is much • greater (from the slowness of the moon and 



• To tho reader who ia aoqnainted. with Newton'a 3rd soctioD, the 
Tollawing demonBtration of tliis point will be Boffioient. Four tiiaeH 
the reciprocal of the tatiu reetum ia eqnal to the Bum of the reciprocals 
of the apogeal and perigeai diatancea. The effect of an increaae of 
velocity at perigee in a given praportinn ia to alter the area deacribed 
in a given time in the BBme propoitioo, aud therefore, to alter the 
lat!u reetam in a corresponding proportion. ConsoqueDtl; en iocieaee 
of Telocity at perigee in a given proportion altera the reoiprocal o( the 
apogeul distance by a given qnootit;, and, therefore, altera the apogeal 
distance by a qaantity nearly proportional to tbe aquare of tlic apogeol 
diBtan<«; and, therefore, the ratio of the altetation of apogeaL diatance 
to apogeal distaoce (an which the alteration of eicenliicity dcpi»id*}. 
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the greatness of the force) between B2 and B3 than 
between B4 and Bj, and therefore the combined effect of 
the forces in these two quadrants is to diminish the 
excentricity. 

On the whole, therefore, when the line of apses is 
inclined to the line joining the earth and sun, in such a 
manner that the moon passes the line of apses before 
passing the line joining the earth and sun, the excen-r 
tricity is diminished at every revolution of the moon. 

(113.) In the same manner it wiU appear that if the 
line of apses is so inclined that the moon passes the 
line of apses after passing the line joining the earth and 
sun, the excentricity is increased at every revolution of 
the moon. Here the force in the radius vector is 
directed to the earth, as the moon moves from perigee 

is nearly proportional to the apogeal distance. Similarly, if the 
velocity at apogee is increased in a given proportion, the ratio of the 
alteration of perigeal distance to pezigeal distance (on which the 
alteration of excentricity depends) is nearly proportional to the peri- 
geal distance. Thns if the velocity were increased in the same 
proportion at perigee and at apogee, the increase of excentricity at the- 
former would be greater than the diminution at the latter, in the 
proportion of apogeal distance to perigeal distance. But in the case 
before ns, the proportion of increase of velocity is much greater at 
apogee than at perigee. First, because the force is greater (being In 
the same proportion as the distance). Second, because the time in 
which the moon describes a given angle is greater (being in the sanie 
proportion as the square of the distance), so that the increase of 
velocity is in the proportion of the cube of the distance. Third, 
because the actual velocity is less (being inversely as the distance), so 
that the ratio of the increase to the actual velocity is proportional to 
the fourth power of the distance. Oombining this proportion with 
that above, the alterations of excentricity in the case before us, 
produced by the forces acting at apogee and at perigee, are in the 
proportion of the cubes of the apogeal and perigeal distances respec* 
tively. 
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and from apogees and is directed firom the earth as the 
moon moves to perigee and to apogee ; which directions 
are just opposite to those in the case ahready con- 
8idered« Also the force perpendicular to the radius 
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vector retards the moon both near perigee and near 
apogee ; and this is opposite to the direction in the 
case already considered. On the whole, therefore, the 
excentricity is increased at every revolution of the 
moon, 

(114) In every one of these cases the effect is 
exactly the same if the sun be supposed on the side of 
the moon's orbit, opposite to that represented in the 
figure. 

(115.) Now the earth moves round the sun, and the 
sun therefore appears to move round the earth, in the 
order successively represented by the figs. 31, 32, and 
33* Hence then; when the sun is in the line of the 
moon's apses, the excentricity does not alter (110.); 
afber this it diminishes till the sun is seen at right 
angles to the line of apses (112.) ; then it does not alter 
(111.) : and after this it increases till the sun reaches 
the Une of apses on the other side. Consequently, 
the excentricity is greatest when the line of apses 
passes through the sun; and is least when the line 
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of apses is perpendicular to the line joining the earth 
and sun. 

The amount of this alteration in the excentricity of 
the moon's orbit is more than -|^th of the mean value 
of the excentricity; the excentricity being sometimes 
increased by this part, and sometimes aa much dimi- 
nished ; so that the greatest and least excentricities are 
nearly in the proportion of 6 : 4 or 3 : 2. 

(116.) The principal inequalities in the moon's 
motion may therefore be stated thus : 

•1st. The elliptic inegualiiy, or equation of the centre 
(31.), which would exist if it were not disturbed. 

2nd. The annual equation (90.), depending on the 
position of the earth in the earth's orbit. 

3rd. The i>ariation (93.), and parallactic inequality (94.), 
depending on the position of the moon with respect 
to the sun. 

4th. The general progression of the mxmCs perigee (104.). 

5th. The irregularity in the motion of the perigee, de- 
pending on the position of the perigee with respect 
to the sun (109.). 

6th. The alternate increase and diminution of the excen^ 
tridty, depending on the position of the perigee with 
respect to the sun (115.). 

These inequalities were first explained (some imper- 
fectly) by Newton, about a.d. 1680. 

(117.) The eflfects of the two last are combined into 
one called the ejection. This is by far the largest 
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of the inequalities affecting • the moon's place : tite 
moon's longitude is sometimes increased 1° 15', and 
sometimes diminished as much by this inequality. 
It was discovered by Ptolemy, from observation, about 
A.D, 140. 

(118.) It will easily be imagined that we have here 
taken only the principal inequalities. There are many 
others, arising chiefly from small errors in the suppo- 
sitions that we have made. Some of these, it may 
easily be seen, wiU arise from variations of force which 
we have already explained* Thus the difference of 
disturbing forces at conjunction and at opposition, 
whose principal effect was discussed in (94), will also 
produce a sensible inequality in the rate of progression 
of the line of apses, and in the dimensions of the 
moon's orbit. The alteration of disturbing force de- 
pending on the excentricity of the earth's orbit will 
cause an alteration in the magnitude of the variation 
and the section. The alteration of that part mentioned 
in (94) produces a sensible effect depending on the 
angle made by the moon's radius vector with the 
earth's line of apses. All these, however, are very 
small: yet not so small but that, for astronomical 
purposes, it is necessary to take account of thirty or 
forty. 

(119.) There is, however, one inequality of great 
historical interest, affecting the moon's motion, of which 
we may be able to give the reader a general idea. We 
have stated in (89.) that the effect of the disturbing 
force is, upon the whole, to diminish the moon's gravity 
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to the eaxth : and in (90.) we have mentioned that this 
effect is greater when the earth is near periheHon, than 
when the earth is near aphelion. It is found, upon 
a^jcurate investigation, that half the sum of the effects 
at perihelion and at aphelion is greater than the effjBCt 
at mean distance, by a small quantity depending on the 
excentricity of the earth's orbit: and, consequently, 
the greater the excentricity (the mean distance being 
unaltered) the greater is th^ effect of the sun's disturb- 
ing force. Now, in the lapse of ages, the earth's meftn 
distance is not sensibly altered by the disturbances 
which the planets produce in its motion; but the 
excentricity of the earth's orbit is sensibly diminished, 
and has been diminishing for thousands of yeaxs. Con- 
sequently the effect of the sun in disturbing the moon 
has been gradually diminishing, and the gravity to the 
eiarth has therefore, on the whole, been gradually in- 
creasing. The size of the moon's orbit has therefore, 
gradually (but insensibly), diminished (47.): but the. 
moon's place in its orbit has sensibly altered (49.), and 
the moon's angular motion has appeared to be per- 
petually quickened. This phenomenon was known 
to astronomers by the name of the acceleration of the 
TTWon's mean motion, before it was theoretically ex- 
plained in 1787, by Laplace : on taking it into account, 
the oldest and the niewest observations are equally well 
represented by theory. The rate of progress of the 
moon's, line of apses has, from the same cause, been 
somewhat diminished. 
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Section \l.~The(mj of Jupiter's Satellites. 

(120.) Jupiter has four satellites revolving round him 
in the same manner in which the moon revolves round 
the earth ; and it might seem, therefore, that the theory 
of the irregularities in the motion of these satellites is 
similar to the theory of the irregularities in the moon's 
motion. But the fact is, that they are entirely dif* 
ferent. The fourth satellite (or that revolving in the 
largest orhit) has a small irregularity analogous to 
the moon's variation, a small one similar to the evec- 
tion, and one similar to the annual equatioa : but the 
last of these amounts only to about two minutes, and 
the other two are very much less. The corresponding 
inequalities in the motion of the other satellites are 
still smaller. But these sateUites disturb each other's 
motions, to an amount and in a manner of which there 
ia no other example in the eolar system ; and (as we 
shall afterwards mention) theJi motions are affected in 
a moat remarkable degree by the shape of Jupiter. 

(121.) The theory, however, of these sateUitea is 
much simplified by the following circumstances : — 
First, that the disturbances produced by the sun may, 
except for the most accurate computations, be wholly 
1. Secondly, that the orbits of the two inner 
satellites have no excentricity independent of pertur- 
bation. Thirdly, that a very remarkable relation 
e3dsts (and, as we shall show, necessarily exists) 
between the motions of the first three sateUites. 

Before proceeding with the theory of the first three 
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satellites, we shall consider a general proposition which 
applies to each of them. 

(122.) Suppose that two small satellites reyolve 
round the same planet ; and that the periodic time of 
the second is a very little greater than double the 
periodic time of the first : what is the form of the orbit 
in which each can revolve, describing a curve of the 
same form at every revolution ? 

(123.) The orbits will be sensibly elliptical, as the 
perturbation produced by a small satellite in one revo- 
lution will not sensibly alter the form of the orbit 
The same form being supposed to be described each 
time, the major axis and the excentricity are supposed 
invariable, and the position of the line of apses only is 
assumed to be variable. The question then becomes. 
What is the excentricity of each orbit, and what the 
variation of the position of the line of apses, in order 
that a curve of the same kind may be described at 
every revolution ? 

(124.) In fig. 34, let B3, Bi, Bj, represent the orbit of 
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the first, and C3, C,, C2, the orbit of the second. Sup- 
pose that when B was at Bi, C was at Ci, so that A, Bj, 
Ci, were in the same straight line, or that B and C 
were in conjunction at these points. If the periodic 
time- of C were exactly double of the periodic time 
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of B, B would have made exactly two revolutions; 
while C made exactly one; and, therefore, B and Q* 
would again be in conjunction at Bi and Ci. But a* 
the periodic time of C is a little longer than double 
that of B, or the angular motion of C rather slower 
than is supposed, B will have come up to it (in respedtJ 
of longitude as seen from A) at som6 line B2 Cjj, which: 
it reaches hefore reaching the former line of conjunction 
Bi Ci« And it is plain that there has been no other 
conjunction since that with which we started, as the- 
successive conjunctions can take place only when one 
satellite has gained a whole revolution on the other. 
The first conjunction then being in the line A Bj Ci, 
the next will be in the line A B2 C2, the next in a line 
A B3 C3, still farther from, the first, &c. ; so that the 
Hne of conjunction will regress slowly ; and the more 
nearly the periodic time of one satellite is double that 
of the other, the more slowly will the line of conjunction 
regress. ' > 

(125.) As the principal part of the perturbation itf 
produced when the satellites are near conjunction (iu> 
consequence of the smallness of their distance at that 
time), it is sufiGiciently clear that the position of the 
line of apses, as influenced by the perturbation, must 
depend on the position of the line of conjunction ; and, 
therefore, that the motion of the line of apses must be 
the same as the motion of the line of conjunction. Our 
question now becomes this : What must be the excen* 
tricities of the orbits, and what the positions of the 
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perijoves, in order that the motions of the lines of 
apses, produced by the perturbation, may be the same 
as the motion of the line of conjunction ? 

(126.) If the line of apses of the first satellite does 
not coincide with the line of conjunction, the first 
satellite at the time of conjunction will either be 
SQOving from perijove towards apojove, or from apojove 
towards perijove. If the former, the disturbing force, 
which is directed from the central body, will, by (59.), 
cause the exoentricity to increase ; if the latter, it will 
cause it to decrease. As we have started with the 
supposition, that the exoentricity is to be supposed 
invariable, neither of these consequences can be al-« 
lowed, and, therefore, the line of apses must coincide 
with the line of conjunction. 

(127.) If the apojove of the first satellite were in the 
direction of the points of conjunction, the disturbing 
force in the direction of the radius vector, being 
directed from the central body, would, by (54.), cause 
the line of apses to progress. Also the force perpen- 
dicular to the radius vector, before the first satellite has 
reached conjunction (and when the second satellite, 
which moves more slowly, is nearer to the point of 
conjunction than the first), tends to accelerate the first 
satellite ; and that which acts after the satellites have 
passed conjunction, tends to retard the first satellite; 
and both these, by (65.) and (66.), cause the line of 
apses to progress. But we have assumed, that the line 
of apses shall move in the same direction as the line of 
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conjunction, that is, shall regress; therefore, the apo- 
jove of the first satellite cannot be in the direction 
of the points of conjunction. 

(128.) But if we suppose the perijove of the first- 
^Batellite to be in the direction of the points of conjunc- 
tion, everything becomes consistent The disturbing 
force, in the direction of the radius vector, from the 
central body, will, by (51.), cause the line of apses to 
regress. The force perpendicular to the radius vector, 
which accelerates the first satellite before it has reached 
conjunction, that is, before it has reached the perijove, 
and retards it after that time, will also, by (65*) and 
(66.), cause the line of apses to regress. Also, as in 
(56.), this regression will be greater as the excentricity 
of the orbit is less, because the disturbing force, which 
acts here, does not depend on the excentricity. By 
proper choice, therefore, of a value of the excentricity, 
we can make an orbit, whose line of apses will always 
regress exactly as fast as the line of conjunction, and 
will, therefore, always coincide with it ; whose excentri- 
city, in consequence, will never alter, by (59.) and (68.) ; 
and whose general shape, therefore, will be the same at 
every successive revolution. 

(129.) We shall mention hereafter, that the form of 
Jupiter is such as would cause the perijove of the first 
satellite, if it were not disturbed by the second satellite, 
to progress with a velocity not depending upon the ex- 
centricity of the orbit. The only alteration which this 
makes in our conclusions is, that the excentricity of the 
orbit must be so chosen, that the perturbation of which 
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W6 have spoken will cause a regression equal to the Bum 
of the progression which Jupiter's shape would occa- 
sion, and the regression of the line of conjunction. As 
this is greater than the regression of the line of con- 
junction alone, the excentricity of the orbit must be less. 
So that the only effect of Jupiter's shape is to diminish, 
in some degree, the excentricity of the orbit 

(130.) Now let us inquire what must be the formr 
and position of the orbit of the second satellite. As 
before, the principal part of the perturbation is near 
conjunction. At and near the conjunction, the disturb- 
ing force, in the direction of the radius vector, is directed 
to the central body. Before conjunction, when the first 
satellite is less advanced than the second, the disturbing 
force, perpendicular to the radius vector, retards the 
second, by (86.). For, the periodic time of the second 
being nearly double that of the first, the mean distances 
from the planet will be nearly in the proportion of 7 to 
11 (as the proportion of the cube of 7 to the cube of 11 
is nearly the same as the proportion of the square of 1 
to the square of 2, see (34) ), and, therefore, near con- 
junction, the distance of the first from the second is less 
than the distance of the &rst from the central body. 
After conjimction, the disturbing force accelerates the 
second body. Now, without going through several cases 
as before, which the reader will find no trouble in doing 
for himself, we shall remark, at once, that if the apojove 
of the second satellite is in the direction of the points of 
conjunction, both the disturbing force, directed to the 
central body at apojove, and that perpendicular to the 
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radius vector, retarding it before it reaches apojove, and 
accelerating it afterwards, hj (53.), (65,), and (66.), will 
cause the Hne of apses to regress ; and that, by proper 
choice of excentricity, the regression of the line of apses 
-..may be made exactly equal to the regression of the Hne 
of conjunction. 

(131.) Our conclusion, therefore, is : If two satellites 
revolve round a primary, and if the periodic time of one 
is very little greater than double the periodic time of 
the other, and if we assume that the orbits described 
have always the same form (that is, if they have no 
excentricity independent of perturbation) ; then the 
orbits will not sensibly differ from ellipses, the lines of 
apses of both orbits must always coincide with the line 
of conjuactions, and the perijove of the first orbit, and 
the apojove of the second, must always be turned 
towards the points of conjunction. It appears also, that 
these conditions are sufficient, inasmuch as the rate of 
regress of the lines of apses will (with proper values for 
the excentricities) be the same as the rate of regress of 
the line of conjunctions, and the excentricities then wiU 
The excentricities of the orbits will be 
the regress of the line of conjunctions is 
slower, or as the proportion of the periodic times 
approaches more exactly to the proportion of 1 : 2. 

(132.) In the same manner it would be found, that if 
the periodic time of one satellite were very little less 
than double that of the other, the lines of apses (in order 
that similar orbits may be traced out at each revolution) 
must always coincide with the line of conjunction, aad 
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the apojove of the first satellite and the perijove of the 
second must always be turned towards the points of 
oonjunction ; and the excentricities of the orbits must 
be greater, as the proportion of the periodic times 
approaches more exactly to the proportion of 1 : 2, 

(133.) The same thing exactly would hold, if the 
periodic times were very nearly in the ratio of 2 : 3, or 
of 3 : 4, &c., but these suppositions do not apply to 
Jupiter's satellites, 

(134) Having thus found the distortion produced 
by the disturbing force in orbits which have no excen- 
tridty, independent of perturbation, it will easily be 
imagined, that the same kind of distortion will be pro- 
duced if the orbits have an original excentricity. If we 
make, in an elliptic orbit, the same kind of alteration 
which must be made in a circular orbit, in order to form 
the figure found above, we shall have nearly the orbit 
that will be described from the combined eiSfects of pertur- 
bation and of excentricity independent of perturbation,* 

* The troth of this proposition may be shown more fiilly in the 
foHowing manner : — ^Let A, &g. 85, be the place of the primary, A 
the line of conjunctions ef the first and second satellites, B D £ the 
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elliptic orbit, in which the first satellite wonld moye if undisturbed, 
D its peryoye. Suppose (to simplify the figure) that the attraction 
of the seccmd satellite acts only for a limited space; for instance, 
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We shall now proceed with the application of these 
conclusions to Jupiter's first three satellites. 

while the first satellite passes from F to H. Then the result of the 
inyestigations from (122.) to (131.) is, that the first sateUite will be 
drawn outwards from the orbit in which it would have moved, so as 
to describe a curve F G H ; and when the disturbing force ceases at 
H, it wiU proceed to describe an ellipse, H e 6 d, similar to B D E, 
but with this difference, that the perijove is at d instead of D. The 
conclusion, however, now that it has been securely obtained from the 
reasoning above, may be stated as the result of the foUowing reasoning : 
— In consequence of the disturbing force, which has drawn the first 
satellite outwards, without, upon the. whole, altering its velocity 
(accelerating it before conjunction, and retarding it afterwards), the 
satellite has moved in a curve, F G H, external to the ellipse F D, in 
which it would have moved ; and after the disturbing force has ceased 
at H, the satellite (which is moving in a path inclined externally from 
the old orbit) continues to recede from the old orbit till the diminution 
of velocity (26.) aUows its path to be so much curved, that at e it 
begins to approach, and at L the new orbit intersects the old one ; 
and after this, the path is inclined internally from the old orbit, till 
the increase of velocity (25.) makes its path so little curved that it 
approaches the old orbit again, and again crosses it between d and D. 
In like manner, if, as in fig. 36, the orbit B F E have an excentricity 
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independent of perturbation (the perijove being at any point D'), 
nevertheless, we may state that, in consequence of the disturbing 
force, the satellite wiU move in a curve F G H external to F E ; but 
when the disturbing force ceases at H, the satellite (which is moving 
in a path inclined externally from the old orbit) continues to recede 
from the old orbit tiU the diminution of velocity (26.) allows its path 
to be so much curved, that it begins to approach at some point e ; that 
at some point L, nearly opposite to G, the new orbit intersects the old 

H 
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(135.) The periodic time of Jupiter's first satellite is, 
1 day, 18 hours, 27 minutes, and 34 seconds ; that of 

one ; and that, after this, the path is inclined internally from the old 
orbit, till the increase of yelocity (25.) makes its path so little curved 
that it approaches the old orbit again, and again crosses it between 
F and H. Thus, the alteration of the radius vector, drawn in any 
given direction, as A K (which in the new orbit is altered to A Tc) is 
nearly the same in the second case as in the first. This, however, is 
the alteration produced in a single revolution of the satellite ; but as 
the same applies to every successive revolution, it follows that the 
inequality or variation of the radius vector in the second case is nearly 
the same as in the first case ; and thus the proposition of the text is 
proved. 

The inequality of the radius vector would be somewhat different if 
the excentricity of the orbit in the second case were considerable^ 
partly because the places of conjunction would not be at equal angular 
distances, partly because the disturbing forces would be different (as 
the distance between the satellites in conjunction would not always 
be the same), and partly because the effect of a given force is really 
different, according to the part of the orbit at which it acts. But 
where the excentricity is so small, as in the orbit of Jupiter's third 
satellite, or in those of the old planets, the alteration of the inequality 
of the radius vector produced by these differences is hardly sensible. 

The reasoning of this note may be applied, with the proper altera- 
tions, to every case of perturbation, produced by a disturbing force 
which is nearly independent of the form of the orbit ; and as this will 
apply successively to each of the causes producing disturbance, we 
shall at last arrive at the following general proposition :— If several 
disturbing forces act on a planet or satellite, and if we estimate the 
inequality in the radius vector, which each of these would produce, 
supposing the orbit to have no excentricity independent of pertur- 
bation; then the inequality really produced, supposing the orbit to 
have an independent excentricity, will be nearly the same as the sum 
of all the inequalities so estimated. 

It is to be remarked, that if an orbit have an independent excen- 
tricity, and if the orbit receive an alteration similar to an elliptic 
inequality (that is, if it be elongated on one side and flattened on the 
other), the orbit is still sensibly an ellipse, of which the original focus 
is still the focus. Thus, in the instance occupying the first part of 
this note, as the inequality impressed on the elliptic orbit in the 
second case is the same as the inequality in the first case, that is, is 
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the second satellite is 3 days, 13 hours, 13 minutes, and 
42 seconds : that of the tliird satellite ia, 7 days, 3 hours, 
42 miuutes, and 32 seconds. The periodic time of the 
second satellite exceeds, by a small quantity, double 
that of the first, so that the preceding investigations 
apply to the motion of these two satellites. In fact, 
275 revolutions of the first satellite are finished in 
almost exactly the same time as 137 revolutions of 
the second. If then, at a certain time, these two 
satellites start from conjunction, they will be in con- 
junction near the same place at eveiy revolution of the 
second satellite, or at every second revolution of the 
first satellite : hut the line of conjunction will regress 
slowly ; and when the first satelhte has finished 275 
revolutions, or oue revolution more than double the 
number made by the second satellite, they will again 
be in conjunction in the same place as before, the line 
of conjunction having regressed till it has again reached 
the same position : this takes place in 486^ days. 

(136.) From the preceding investigation then it ap- 
pears that, as these orbits have no excentricity inde- 
pendent of perturbation, they will he elliptic, and the 
line of apses of each orbit will regress so aa to turn 
completely round in 486^ days ; and that when in con- 
junction, the first satelhte will always be in perijove, 
and the second satellite will always be in apojove. 

nmilar to an elliptic ineqnalitj, the orbit so altered will etill be an 
ellipse, whose exccDtricit; and line of apeea are a1ti>red. We might, 
ILerefore, have obtiiined our reanltg by at once ioyertigating tlie 
slleratio&s of the eicentrii^ity atid line of apses produced by the dia- 
torblng forced ; but the method adopted In the lest is Eimpl^. 
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(137.) But the periodic time of the third satellite ia 
almost exactly double that of the second satellite, ex- 
ceeding the double by a small quantity; and on this 
account the orbit of the second satellite will be distorted 
from the form which otherwise it would have had, by 
an inequality similar to that just investigated. In a 
word, the line of conjunction of the second and third 
satellites will slowly regress, and the orbit of the second 
satellite will always be compressed on the side next the 
points of conjunction, and elongated on the opposite 
side ; and the orbit of the third satellite will always be 
elongated on the side next the points of conjunction, and 
compressed on the opposite side. 

(138.) Now we come to the most extraordinary part 
of this theory. We have remarked that 275 revolutions 
of the first satellite are finished in almost exactly the 
same time as 137 revolutions of the second ; but it will 
also be found that 137 revolutions of the second are 
finished in almost exactly the same time as 68 revolu- 
tions of the third : all these revolutions occupying 486^ 
days. Because 275 exceeds the double of 137 by 1, we 
have inferred that the line of conjunctions of the first 
and second satellites regresses completely round in 275 
revolutions of the first satellite, or in 486^ days. In 
like manner, because 137 exceeds the double of 68 by 1, 
we infer that the line of conjunctions of the second 
and third satellites regresses completely round in 137 
revolutions of the second satellite, or in 486J days. 
Hence we have this remarkable fact : the regression of 
the line of conjunction of the second and third satellites 
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is exactly as rapid as the regression of the line of conjunc- 
tion of the first and second satellites. So accurate is 
this law, that in the thousands of revolutions of the 
satellites which have taken place since they were dis- 
covered, not the smallest deviation from it (except what 
depends upon the elliptic form of the orbit of the third 
satellite) has ever been discovered. 

(139.) Singular as this may appear, the following 
law is not less so : — The line of conjunction of the 
second and third satellites always coincides with the line 
of conjunction of the first and second satellites produced 
backwards, the conjunctions of the second and third satel- 
lites always taking place on the side opposite to that on 
which the conjunctions of the first and second take place. 
This defines the relative position of the lines of conjunc- 
tion, which (by the law of the last article) is invariable. 
Like that law, it has been found, as far as observation 
goes, to be accurately true in every revolution since the 
satellites were discovered, 

(140.) The most striking effect of these laws in the 
perturbations of the satellites is found in the motions of 
the second satellite. In consequence of the disturbing 
force of the first satellite, the orbit of the second satel- 
lite will be elongated towards the points of conjunction of 
the first and second (130.), and consequently compressed 
on the opposite side. In consequence of the disturbing 
force of the third satellite, the orbit of the second satel- 
lite will be compressed on the side next the points of 
conjunction of the second and third (128.). And be- 
cause the points of conjunction of the second and third 
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are always opposite to the points of conjunction of the 
first and second, the place of compression from one 
cause will always coincide with the place of com- 
pression from the other cause ; and therefore, the orbit 
of the second satellite will be very much compressed on 
that side, and consequently very much elongated on the 
other side. The excentricity of the orbit, depending 
thus entirely on perturbation, exceeds considerably the 
excentricity of the orbit of Venus, The inequalities in 
the motions of the satellites, produced by these excen- 
tricities, were first discovered (from observation) by 
Bradley about a.d. 1740, and first explained from theory 
by Lagrange, in 1766. 

(141.) The singularity of these laws, and the accuracy 
with which they are followed, lead us to suppose that 
they do not depend entirely on chance. It seems 
natural to inquire whether some reason may not be 
found in the mutual disturbances of the satellites, for 
the preservation of such simple relations. Now we are 
able to show that, supposing the satellites put in motion 
at any one time, nearly in conformity with these laws, 
their mutual attraction would always tend to make their 
motions follow these laws exactly. We shall show this 
by supposing a smaU departure from the law, and inves- 
tigating the nature of the forces which will follow as a 
consequence of that departure. 

(142.) Suppose, for instance, that the third satellite 
lags behind the place defined by this law ; that is, 
suppose that, when the second satellite is at the most 
compressed part of its ellipse (as produced by the 
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action of the first satellite), the third satellite is behind 
that place. The conjunction then of the second and 
third satellites will happen before reaching the line of 
apses of the orbit of the second, as produced by the action 
of the first. Now in the following estimation of the 
forces which act on the third satellite, and of their vari- 
ation depending on the variation of the positions of the 
lines of conjunction, there is no need to consider the 
influence which the ellipticity of the orbit of the second 
as produced by the third, or that of the third as pro- 
duced by the second, exerts upon the third satellite ; 
because the flattening arising from the action of the 
third, and the elongation arising from the action of the 
second, will always be turned towards the place of con- 
junction of the second and third, and the modification 
of the action produced by this flattening and elongation 
will always be the same, whether the lines of con- 
junction coincide or not. In fig. 37, let C be the peri- 



FiQ. 37. 




jove of the orbit of the second satellite (as produced by 
the action of the first satellite alone), D the point of 
the orbit of the third which is in the line A C pro- 
duced. If the third satellite is at D when the second 
is at C, the force produced by the second perpendicular 
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to the radius vector, retards the third before it reaches 
D, and accelerates it after it has passed D, by equal 
quantities. But if, as in the supposition which we have 
made, the conjunction takes place in the line A Ci Dj, the 
retardation of the third satellite before conjunction is 
produced by the attraction of the second satellite before 
it arrives at perijove, when it is near to the orbit of the 
third satellite (and therefore acts powerfully), and moves 
slowly (and therefore acts for a long time) ; while the 
acceleration after conjunction is produced by the second 
satellite near its perijove, when it is far from the orbit 
of the third satellite (and therefore acts weaJdy), and 
moves rapidly (and therefore acts for a short time). The 
retardation therefore exceeds the acceleration ; and the 
consequence is, by (48.), that the periodic time of the 
third satellite is shortened, and therefore its angular 
motion is quickened; and therefore at the next con- 
junction, it will have gone further forward before the 
second satellite can come up with it, or the line of con- 
junction will be nearer to the place of perijove of the 
second satellite, depending on the action of the first. In 
the same manner, if we supposed the third satellite 
moving rather quicker than it ought in conformity with 
the law, the tendency of the forces would be to ac- 
celerate it, to make its periodic time longer, and thus to 
make its angular motion slower. By the same kind of 
reasoning it will be seen that there are forces acting on 
the first satellite, produced by the elliptic inequality 
which the third impresses on the orbit of the second, 
tending to accelerate the angular motion of the first 
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satellite in the first case, and to retard it in the second. 
The same reasoning will also show that both the first 
and third satellites exert forces on the second, tending to 
retard its angular motion in the first case, and to ac- 
celerate it in the second. All these actions tend to 
preserve the law ; in the first case by making the line 
of conjunctions of the first and second satellites regress, 
and that of the second and third progress, till they 
coincide ; and in the second case, by altering them in 
the opposite way, till they coincide. 

(143.) Perhaps there is no theoretical permanence of 
elements on which we can depend with so great cer- 
tainty as on the continuance of this law. The greatest 
and most irregular perturbations of Jupiter or of his 
satellites, provided they come on gradually, wiU not 
alter the relation between their motions ; the effect of a 
resisting medium will not alter it ; though each of these 
causes would alter the motions of all the satellites ; and 
though similar causes would wholly destroy the conclu- 
sions which mathematicians have drawn as to the 
stability of the solar system, with regard to the elements 
of the planetary orbits. The physical explanation of 
this law was first given by Laplace, in A.D. 1784. 

(144.) We have terminated now the most remark- 
able part of the theory of these satellites. There are, 
however, some other points which are worth attending 
to, partly for their own sake, and partly as an intro- 
duction to the theory of the planets. 

(145.) The orbit of the third satellite, as we have 
mentioned, has a small excentricity independent of per- 
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turbation. Consequently, when the conjunction with 
the second takes place near the independent perijove of 
the third, the efifect of the disturbance on the second is 
rather greater than at any other time ; and this pro- 
duces an irregularity in the excentricity of the second, 
and in the motion of its apses, depending on the dis- 
tance of the line of conjunction from the independent 
perijove of the third. The departure from uniformity 
in the angular motion of the third, also produces a 
departure from uniformity in the regression of the 
line of conjunction, and this contributes to the same 
irregularity. 

(146.) The disturbing force in the direction of the 
radius vector, produced by an inner satellite, is some- 
times directed to the central body and sometimes from 
it, but, on the whole, the former exceeds the latter (86.). 
Now the principal part of the efifect really takes place 
when the satellites are near conjunction ; consequently, 
when the line of conjunction passes near the inde- 
pendent perijove of the third satellite, the force by 
which the third satellite is urged to the planet is 
greater than at any other time ; and as the line of con- 
junction revolves, the force alternately increases and 
diminishes. This produces an irregularity in the major 
axis, and consequently in the motion of the third satel- 
lite (47.), depending on the distance of the line of 
conjunction from the perijove of the third. 

(147.) The disturbing force in the direction of the 
radius vector produced by an outer satellite is some- 
times directed to the central body, and sometimes from 
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it, but, on the whole, the latter exceeds the former (80.). 
For the reasons, therefore, in the last article, there is 
in the motion of the second satellite an irregularity 
depending on the distance of the line of conjunction 
from the independent perijove of the third, but opposite 
in its nature to that of the third satellite. 

(148.) Each of these irregularities in the motion of 
one of these satellites produces an irregularity in the 
motion of the others ; and thus the whole theory 
becomes very complicated when we attempt to take the 
minute irregularities into account. 

(149.) The motion of the fourth satellite is not 
related to the others in the same way in which they 
are related among themselves. Its periodic time is to 
the periodic time of the third nearly in the proportion 
of 7:3, Some of the irregularities then which it ex- 
periences and which it occasions are nearly similar to 
those in the motions of the planets. These, however, 
are small ; the most important are those depending on 
the changes in the elements which require many revo- 
lutions of the satellites to go through all their various 
states, but which, nevertheless, have been observed 
since the satellites were discovered. We shall proceed 
with these. 

(150.) First, let us suppose that the third satellite 
has no excentricity independent of perturbation, and 
that the fourth satellite has a sensible excentricity, its 
line of apses progressing very slowly, in consequence 
principally of the shape of Jupiter (so slowly as not to 
have gone completely round in eleven thousand revo- 
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lutions of the satellite). When each of the satellites 
has revolved a few hundred times round Jupiter, their 
conjunctions will have taken place almost indifferently 
in every part of their orbits. If the orbit of the fourth 
as well as that of the third had no independent ellip- 
ticity, there would be no remarkable change of shape 
produced by perturbation, as the action of one satellite 
upon the other would be the same when in conjunction 
in all the different parts of the orbit. But the orbit of 
the fourth being excentric, the action of each satellite 
on the other is greatest when the conjunction happens 
near the perijove of the fourth satellite. We may con- 
sider then that the preponderating force takes' place at 
this part of the orbits ; and we have to inquire what 
form the orbit of the third satellite must have, to pre- 
serve the same excentricity at every revolution. It 
must be remembered here that the effect of Jupiter's 
shape is to cause a more rapid progress of the line of 
apses of the third satellite, if its orbit be excentric, than 
of the line of apses of the fourth. 

(151.) Considering, then, that the preponderating 
force on the third satellite in the direction of the radius 
vector is directed from the central body towards the 
perijove of the fourth, and that the preponderating force 
perpendicular to the radius vector accelerates it as it 
approaches that part, and retards it afterwards, it is 
plain from (51.), (65.), and (66.), that, if the perijove of 
the third satellite were in that position, the forces would 
cause the line of apses to regress ; and this regression, 
if the excentricity of the third be small, may be con- 
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siderable (though the preponderance of force which 
causes it is extremely small), and may overcome so 
much of the progression caused by Jupiter's shape, as 
to make the real motion of the line of apses as nearly 
equal as we please to the motion of the line of apses of 
the fourth. But the motion of the line of apses of the 
fourth will itseK be affected (though very little) by the 
greater action of the third satellite on it at the same 
place ; and the part in the radius vector being directed 
at its perijove to the central body, and the part per- 
pendicular to the radius vector retarding it before it 
reaches the perijove, and accelerating it afterwards, wiU 
cause a small increase of progression of its apse. The 
state of things wiU be permanent, so far as depends on 
these forces, when the increased progression of the apse 
of the fourth satellite is equal to the diminished 
progression of the apse of the third ; and thus the pro- 
gression of the apse of the fourth will be somewhat 
increased, and the third satellite's orbit will have a 
compression corresponding in direction to the perijove 
of the fourth, and an elongation in the same direction 
as the apojove of the fourth. This would be the case if 
the third satellite had no excentricity independent of 
perturbation ; but we may, as in other cases, consider 
that the same kind of distortion will be produced in the 
orbit if it has an independent excentricity. 

(152.) Now let us suppose the fourth satellite to 
have no excentricity independent of perturbation, and 
the third satellite to have an independent excentricity. 
The greatest action will now be at the apojove of the 
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third satellite, and this will (though in a small degree) 
cause the line of apses of the third satellite to progress ; 
that is, it will increase the rapidity of progression 
which Jupiter's shape gives it. If, now, we wish to dis- 
cover the form of orbit of the fourth satellite which will 
at every revolution preserve the same excentricity, and 
have its line of apses always corresponding with that 
of the third sateUite, and therefore progressing more 
rapidly than the shape of Jupiter alone would make it 
progress, we must evidently suppose the perijove of the 
fourth satellite turned towards the apojove of the third, 
and, by supposing the excentricity small enough, the 
progression may be made as rapid as we please. Thus 
the effect of excentricity in the orbit of the third satel- 
lite is, that its line of apses is made to progress rather 
more rapidly, and that the orbit of the fourth satellite 
is compressed on the side next the apojove of the third 
satellite, and elongated on the opposite side. We have 
supposed for this investigation that the fourth sateUite 
had no excentricity independent of perturbation, but 
the conclusion as to the distortion of the orbit may 
be applied if we suppose it to have independent 
excentricity. 

(153.) In fact, the orbits of both the third and fourth 
satellites have independent excentricities, and both our 
conclusions apply to them. The fourth satellite, besides 
its independent excentricity, has an excentricity im- 
pressed upon it, opposite in kind to that of the third ; 
and the third satellite, besides its independent excen- 
tricity, has an excentricity impressed upon it of the 
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same kind as that of the fourth. In the same manner, 
the orbits of the first and second satellites have small 
excentricities impressed on them, similar in their kind 
to those of the third and fourth. 

(154.) It will readily be conceived that the excen- 
tricities of the orbit of the third satellite will affect the 
great inequality (137.) which it produces in the motion 
of the second ; and on the contrary, that the inequality 
in the motion of the third produced by the attraction of 
the second, will influence the effect of the third on the 
fourth. We shall not, however, notice these further 
than to state that their effects are smalL 

(155.) We have now gone over the principal inequa- 
lities of the motions of Jupiter's satellites. They are so 
much connected, and (as we may say) so completely 
entangled, that though they may be explained in the 
way in which we have considered them, it would hardly 
be possible to calculate them in that way. A mathe- 
matical process of the most abstruse kind, which will at 
the same time embrace the motions of all, is alone com- 
petent to this object. We shall, however, have attained 
our end if we have given the reader a general idea of the 
explanation of disturbances in the most curious and 
complicated system that has ever been reduced to 
calculation. 

Section VII. — Theory of Planets, 

(156.) The theory of the planets may be considered 
as holding a middle place between that of our moon and 
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that of Jupiter's satellites. In our moon, the principal 
inequalities are those that exhibit themselves in nearly 
the same order at every revolution, or, at longest, in the 
earth's revolution round the sun, depending entirely 
upon the relative position of the moon, the sun, and the 
lines of apses. In Jupiter's satellites, some of the prin- 
cipal inequalities (as those of the third and fourth satel- 
lites) do not depend at aU upon the relative position of 
the bodies, but depend on the position of the lines 
of apses, whose revolutions, though slow, may yet be 
completely observed. But in the planets, the terms 
analogous to those which we have mentioned in the 
moon's motions are small : the changes of elements are 
so slow, that, though they may be in some degree 
observed, many thousands of years would be necessary 
to observe them completely. The most remarkable 
irregularities are those produced by changes in the 
elements occupying several revolutions of the planets, 
and more nearly analogous to the mutual perturbations 
of the first three satellites of Jupiter than to any other 
that we have seen ; differing from them, however, in 
this respect, that for most of them independent excen- 
tricities are quite essential. 

(157.) There are, however, some terms very nearly 
similar to those mentioned in the theory of the moon. 
Suppose, for instance, we consider the perturbations of 
Mercury by Jupiter (whose distance from the sun is 
more than thirteen times as great). This case is almost 
exactly analogous to the case of the moon disturbed by 
the sun. And in consequence. Mercury's orbit is flat- 
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tened a little on the sides nearest to and farthest from 
Jupiter ; but this eflfect is much disguised by the effect 
of forces analogous to those mentioned in (94), which 
here preponderates greatly : his line of apses progresses 
a little at every revolution, when Jupiter is nearly in 
that line, and regresses a little when Jupiter is in the 
line perpendicular to it : his orbit is a little more excen- 
tric in the former case, and a little less so in the latter ; 
and his orbit is a little larger when Jupiter is at peri- 
helion than when at apheHon. The same thing applies 
very nearly to the disturbances of Venus, the Earth, and 
Mars, produced by Jupiter. 

(158.) The instance taken above is almost an extreme 
one. When we consider the perturbations of two planets 
which are nearer to each other, we are obliged to alter 
our conclusions considerably. The disturbing force 
becomes so much greater where the planets are near 
conjunction than at any other part, that the orbit is 
much more changed there than at any other part. How- 
ever, the reasoning upon which, in (91.), we determined 
the form of the moon's orbit, laying aside the considera- 
tion of independent excentricity, will, to a certain 
extent, apply here. The orbit in several cases will be 
flattened on the side where conjunction takes place, and 
on the opposite side, but generally most so on the latter ; 
and will be made protuberant at the parts where the 
disturbing force tends wholly to increase the gravitation 
towards the sun. The same general reasoning will, in 
many cases, help us to find the form of the orbit which 
is influenced by the attraction of an Interior planet, 

I 
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(159.) A consideration, however, of paxticular cases 
will show how cautious we must be in applying this 
conclusion. Suppose, for instance, we consider the 
reciprocal perturbations of the Earth and Mars. The 
periodic time of Mars is nearly double that of the 
Earth. Here, then, we fall upon an inequality of such 
a kind as that discussed in (122.), &c., for the satellites of 
Jupiter. And though the periodic time of Mars is not 
very nearly double that of the Earth, so that the distor- 
tions produced in the orbits of the Earth and Mars are 
not very striking ; still they are the greatest (of those 
depending only on the position of the planets) which 
these two bodies produce in each other's motions. 
Here, then, the disturbance, which on a hasty view 
we might suppose analogous to the variation of the 
Moon, becomes, from the small disproportion of dis- 
tances, and the near commensurability of the periodic 
times, much more nearly similar to the slow variation 
of the elements of orbits. 

(160.) It seems quite hopeless to attempt to give 
a i^otion of the calculations by which, in all the dif- 
ferent cases, the disturbances independent of the 
excentricities can be computed. It is suflBlcient to 
state, that the same methods apply to all, and that 
they are much more simple than those relating to 
other points, of which an idea may be given by general 
explanation. 

(161.) Let us now consider the inequalities of motion 
which depend on the excentricities and inclinations of 
the planets' orbits. The idea that will probably first 
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occur to the reader is this: "If the disturbances of 
the planets, supposing their orbits to have no inde- 
pendent excentricities, amount only to a few seconds, 
how is it likely that the small alterations of place, 
which are produced by the trifling excentricities and 
inclinations of their orbits, will so far alter their forces 
upon each other as to produce any sensible difference 
in the magnitude of the irregularities ? " In answer to 
this we must say, " It is true that these forces, or altera- 
tions of forces, are exceedingly small, and those parts 
of them which act in the same direction for a short 
time only (as for a fraction of the periodic time of 
a planet) do not produce any sensible effect But we 
can find some parts of them which act in the same 
manner during many revolutions: the effects of these 
may grow up in time to be sensible ; and those in parti- 
cular which alter the mean distance and the periodic 
time may produce in time an effect on the longitude of 
the planet (49.), very much more conspicuous than that 
in the alteration of the orbit's dimensions." 

(162.) In this consideration is contained the whole 
general theory of those inequalities known by the name 
of inequalities of long period. They are the only ones 
depending on the excentricities (besides those similar to 
the moon's evection) which ever become important. 

(163.) To enter more minutely into the explanation, 
let us take the instance of the long inequality of 
Jupiter and Saturn : the most remarkable for its mag- 
nitude, and for the length of time in which the forces 
act in the same maimer, as well as for the difKculty 

I 2 
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which it had given tx) astronomers before it was ex- 
plained by theory, that has been noticed since the first 
explanation of the Moon's irregularities. 

(164.) The periodic times of Jupiter and Saturn are 
very neariy in the proportion of 2 to 5 (the periodic 
times being 4332 days, 17 hours, and 10,759 days, 
5 hours), or the number of degrees of longitude that 
they will describe in the same time, omitting all notice 
of their excentricities, will be in the proportion of 5 to 
2 nearly. Suppose, now, that they were exactly in the 
proportion of 2 to 5 ; and suppose that Jupiter and 
Saturn started from conjunction; when Saturn has 
described 240 degrees, Jupiter will have described 
600 degrees (as these numbers are in the proportion of 
2 to 5): but as 360 degrees are the circumference, 
Jupiter will have gone once round, and will besides 
have described 240 degrees. It will, therefore, again 
be in conjunction with Saturn. When Saturn has 
again described 240 degrees, that is, when Saturn has 
described in all 480 degrees, or has gone once round 
and has described 120 degrees more, Jupiter will have 
described 1200 degrees, or will have gone three times 
round and described 120 degrees more, and, therefore, 
will again be in conjunction with Saturn. When 
Saturn has again described 240 degrees, that is, when 
it has gone exactly twice round, Jupiter will have gone 
exactly five times round, and they will again be in 
conjunction. So that, if the periodic times were 
exactly in the proportion of 2 to 5, there would be 
a continual succession of conjunctions at the points 
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whose longitudes exceeded the longitude of the first 
place of conjunction by 240°, 120°, 0, 240°, 120°, 0°, 
&c. Thus, in fig. 38, if Bi is the place of Jupiter at 



Fig. 38. 




first, and Cj that of Saturn, Jupiter will have gone 
quite round, and also as far in the next revolution 
as Bj, while Saturn has described part of a revolution 
only to C2 : then Jupiter will again have gone quite 
round, and also as far in the next revolution as B3, 
while Saturn has described part of a revolution to C3 : 
then Jupiter will have performed a whole revolution, 
and part of another to Bi, while Saturn has performed 
part of a revolution to Ci: and then the same order 
of conjunctions will go on again. K, then, the peri- 
odic times were exactly in the proportion of 2 to 5, 
the conjunctions would continually take place in the 
same three points of the orbits. This conclusion will 
not be altered by supposing the orbits excentric : for 
though the places of conjunction may then be some- 
what altered, the conjunctions, after the third (when 
Saturn has gone round exactly twice, and Jupiter 
exactly five times), will go on in the same order, and 
happen at the same places as before. 

(165.) But the periodic times are not exactly in the 
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proportion of 2 to 5, but much more nearly in the pro- 
portion of 29:72. This alters the distance of the 
places of conjunction. We must now suppose Saturn 
to move through 242°*79, and Jupiter (by the propor- 
tion just mentioned) will then have moved through 
602°*79, or through a whole circumference and 242°*79, 
and they will be in conjunction again. The next 
conjunction will take place when Saturn has moved 
through double this angle, or 485°'58, or when Saturn 
has performed a whole revolution, and 125°*58 of the 
next revolution: and the following conjunction will 
take place when Saturn has moved through 728°*37, or 
when Saturn has gone twice round, and has described 
8°*37 more. Now, then, the same order of conjunctions 
will not go on again at the same places as before, but 
the next three after this will be shifted 8°*37 before the 
former places, the three following the last-mentioned 
three will be again shifted 8°'37, and so on. The places 
of successive conjunction, in fig. 38, will be at Bi, Ci, 
6a ftj, 63 Cj, 64 C4, 65 Cg, ftg ^6> &c. The shifting of the 
places of conjunction will take place in nearly the 
same manner, whether the orbits are excentric or not. 
(166.) From this the following points are evident : — 
First. In consequence of the periodic times being 
nearly in the proportion of 2 to 5, many successive con- 
junctions happen near to three equidistant points on the 
orbits. 

Secondly. In consequence of the proportion being not 
exactly that of 2 : 5, but one of rather less inequality, 
the points of conjunction shift forward, so that each sue- 
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cessive set of conjunctions is at points of the orbits more 
advanced, by 8°*37, than the preceding one. 

(167.) Let us now inquire how long it will be before 
the conjunctions happen at the same parts of the orbits 
as at first. 

This will be when the series of points h^ 67, 610, &c.» 
extends to B3. For then the series 65, hg, h^, &c., will 
extend to Bi, and the series 63, h^ h^, &c., will extend to 
B2. The time necessary for this will be gathered from 
the consideration, that in three conjunctions the points 
are shifted 8°-37 ; and that the points must shift 120** 
from B„ before they reach B3 : and that we may, there- 
fore, use the proportion, As 80°-37 is to 3, so is 120° to 
43 nearly, the number of conjunctions that must have 
passed before the points of conjunction are again the 
same. And as Saturn advances 242°'79 between any 
conjunction and the next, he will, at the forty-third con- 
junction from the first, have described 10440°, or 29 cir- 
cumferences ; and Jupiter, therefore (by the proportion 
of their periodic times), will have described 72 circum- 
ferences. The time, then, in which the conjunctions 
return to the same points is twenty-nine times Saturn's 
periodic time, or seventy-two times Jupiter's periodic 
time, or about 855 years.* 

(168.) Now let us examine into the effects of this 
slow motion of the points of conjunction upon the forces 
which one body exerts to disturb the other. 

(169.) If the orbits had no independent excentricity, 

* These numbers are not quite exact : the proportion of 29 : 72 not 
being quite accurate. 
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it would affect them no further than by the periodical 
distortion which would take place at every conjunction. 
There would be nothing in one set of conjunctions, more 
than in another, which could affect the dimensions of 
the orbits. 

(170.) But if the orbits are not circular, this is no 
longer true. It is not the same thing whether the con- 
junctions take place at Bi Ci, Ba C2, and B3 C3, fig. 39, 
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or at 61 Ci, &2 C2, and 63 C3. The distances of the planets 
are not the same, and consequently the forces which 
they exert on each other are not the same ; also their 
velocities are different in different parts of their orbits, 
or at different points of conjunction, and therefore the 
times during which they can act on each other are not 
the same. It is true that, in the figure, the distance at 
&2 C2 is less than at Ba Ca, while that at 63 c^ is greater 
than at B3 C3 ; and thus there is a partial compensation 
in the changes of the effects produced in different points 
of the orbit. But it can be discovered only by very 
complete calculations, whether the compensation is per- 
fect or not. The calculations necessary for this purpose 
are probably the most complicated that physical science 
has ever given occasion for ; and the reader must not 
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here expect the smallest account of them. This only- 
can be stated as a result, that in no instance in the 
planetary system is the compensation perfect, and that 
the chances for its being perfect in any case are infi- 
nitely small. 

(171.) We have here considered the varying influence 
of one body on the other at conjunction, as depending 
entirely on the excentricities of the two orbits. But 
there is another circumstance which may also cause the 
influence to vary. The orbits may be inclined, and this 
will aflfect both the distance of the bodies and the 
direction in which they attract each other. 

(172.) In the case, then, of Jupiter and Saturn, we 
have the two planets acting on each other with forces 
which are nearly the same at every third conjunction, 
but are not exactly the same, and whose variations 
occupy a period of 850 years. Of these forces, parts 
are in the direction of the radius vector, and these tend 
directly to affect the major axes of the orbit described : 
other parts are perpendicular to the radius vector, some- 
times accelerating and sometimes retarding ; and these 
tend (though in opposite ways) to aflect the major axes 
of the orbits. There are, therefore, forces tending to 
alter the major axes of the orbits, which go through all 
their changes only in 850 years. During half of this 
time they tend to make the major axis of Jupiter's orbit 
less, and that of Saturn's orbit greater ; and during the 
other haK they tend to make the major axis of Jupiter's 
orbit greater, and that of Saturn's orbit less. This coin- 
cidence, in time, of the increase of one major axis with 



122 GRAVITATION. 

the decrease of the other, is the result of investigatioii, 
that we cannot explain here. 

(173.) After the partial compensation that we have 
mentioned, it will readily be understood that the varying 
force which produces these effects is small. So small, 
indeed, is it, that after acting more than 400 years, it 
has increased (or diminished) the major axis of Saturn's 
orbit only by ttto^ P^^» ^^^ diminished (or increased) 
that of Jupiter's orbit only by ttto*^ P^^- These 
'alterations would hardly be discoverable with our best 
instruments. But during 400 years the major axis of 
each orbit differs from the major axis during the next 
400 years by a part of these quantities : the planet's rate 
of annual angular motion is, for 400 years, constantly 
less than its average rate ; and for the next 400 years it 
is constantly greater than its average rate : and in this 
length of time the inequality in longitude may (49.) 
grow up into a most formidable quantity. In fact, the 
inequality thus produced in Saturn's longitude amounts 
to about 48', by which its true place is sometimes before 
and sometimes behind its mean place : that in Jupiter's 
longitude amounts to about 21'. (The greatest inequa** 
lity of any other planet does not exceed 3' and the 
greatest of the planets inferior to Jupiter does not 
exceed 25".) The theoretical explanation of these 
inequalities was first given by Laplace in 1785. 

(174.) The magnitude of these inequalities in the 
motions of Jupiter and Saturn, as we have seen, depends 
principally on the length of time during which the forces 
act in the same manner ; first, because in this long time 
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they can produce a sensible alteration in the major axis 
and annual angular motion ; secondly, because the two 
planets move for so long a time with this altered angular 
motion. But it must also be borne in mind, that these 
two planets are by far the largest in the system ; the 
mass of Jupiter being 300 times that of the earth, and 
the mass of Saturn being 100 times that of the earth 
(the next of the planets in the order of magnitude^ 
except Uranus). 

(175.) The same general reasoning, by which we have 
shown that there is a periodical inequality of the major 
axis of either of these orbits, will also show that there 
is a periodical inequality in the excentricity and in the 
place of the perihelion. It will also appear, in the 
same way, that these effects are the remainder, after 
partial compensation of effects in different parts of the 
orbit. Thus, if one conjunction happen when Jupiter 
is going towards aphelion, the effect of Saturn's disturb- 
ing force is to pull Jupiter from the sun ; and therefore, 
by (59.), to increase the excentricity of Jupiter's orbit. 
But it is then perfectly certain that either the next con- 
junction, or the next but one, or perhaps both these, 
will happen at a part where Jupiter is going towards 
perihelion ; and then by (59.), the excentricity of Jupiter's 
orbit is diminished. Similar reasoning applies to the ex- 
centricity of Saturn's orbit. It becomes, then, a matter 
of calculation, whether the compensation is perfect or 
not. Now it appears, upon investigation, that the com- 
pensation is not perfect, but that, while the points of 
conjunction shift through 120°, the effect of the uncom- 
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pensated part is, for half the time, to increase the 
excentricity, and for half tlie time to diminish it. It 
appears, also, that there is no necessary connexion 
between the time at which the excentricity is greatest or 
least, and that when the major axis is greatest or least ; 
so that we cannot assert that when the major axis is 
greatest the excentricity is greatest, or the contrary ; 
or that the excentricity of one is greatest when that 
of the other is greatest ; all that we can assert is, that 
the excentricity of each orbit occupies the same time in 
going through its changes from greatest to least, as the 
major axis occupies in going through its change from 
greatest to least. The effect on the planet's distance 
from the sun, produced by the change of excentricity, 
is much more considerable than that from the change 
in the major axis ; being for Jupiter two ^^ ^ whole 
distance, and for Saturn -g-f^ of his whole distance. 

(176.) Similar remarks apply, in every respect, to 
the motion of the perihelion of each orbit. Each is 
made to progress during 425 years, and to regress during 
425 years ; but there is no necessary relation between 
the time when one has progressed furthest, and the 
time when the other has progressed furthest. There is, 
however, a necessary relation between the change of 
excentricity and the motion of the perihelion of each 
orbit: the excentricity of either orbit has its mean 
value when the perihelion of that orbit has progressed 
furthest or regressed furthest; and when the excen- 
tricity is either greatest or least, the perihelion is at its 
mean place. 
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(177.) We have taken the long inequality of Jupiter 
and Saturn as the most imposing by its magnitude, 
and the most celebrated for its history (as, before it was 
explained theoretically, astronomers were completely 
bewildered by the strange irregularity in the motion of 
these planets). But there are several others which, in 
theory, are as curious. Eight times the periodic time of 
the earth is very nearly equal to thirteen times the 
periodic time of Venus ; and this produces, in the motions 
of the earth and Venus, a small inequality, which goes 
through aU its changes in 239 years. Four times the 
periodic time of Mercury is nearly equal to the periodic 
time of the earth, and this produces an inequality whose 
period is nearly 7 years. The periodic time of Mars is 
nearly double of the earth's, and this produces a consider- 
able inequality, depending on the excentricities, &a, 
besides that mentioned in (159.), which was independent 
of the excentricities. Twice the periodic time of Venus 
is nearly equal to five times that of Mercury; three 
times the periodic time of Venus is nearly equal to that 
of Mars ; three times the periodic time of Saturn does 
not much differ from that of Uranus. Each of these 
approximations to equality gives rise to an equation of 
sensible magnitude, and of long period, in the motion 
of both planets. 

(178.) But it will easily be seen that the defect of 
compensation, on which the effects depend, is much 
greater in some cases than in others. The conjunctions 
of the earth and Mars take place at only one point, and 
the points near it, for several revolutions: those of 



126 GRAVITATION. 

Venus and Mars take place only at two opposite points 
and their neighbourhood (as each successive conjunction 
takes place when Mars has described haK a revolution, 
and Venus 1-^ revolutions) ; those of Jupiter and Saturn, 
as we have seen, at three points ; those of Venus and 
the earth at five points. It is evident that, in the first 
of these, the whole effect of the change of one point of 
conjunction has its influence in altering the orbit's 
dimensions ; that in the second there is only the dif- 
ference between two effects; that in the third there 
is the mixture of three, which tend to balance; that 
in the next there is the mixture of five in the same 
way. The smaller, then, is this number of points, the 
more favourable are the circumstances (supposing the 
same length of period for the inequality) for producing 
a large inequality. This number of points is always the 
same as the difference between the two least numbers, 
expressing nearly the proportion of the periodic times. 
Thus we may expect to find a large inequality when 
the periodic times of two planets are very nearly in 
the same proportion as two numbers whose difference 
is small. 

(179.) We shall now proceed to mention the se&idar 
variations of the elements of the orbits of planets. By 
this term is meant those variations which do not 
depend upon the positions of the planets in their 
orbits, or the places of conjunction, but merely upon 
their relative distances and excentricities, and the posi- 
tions of their lines of apses. They are, therefore, the 
variations which depend upon the mean or average 
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action of one planet upon another in the long run : all 
the sensible departures from the secular variation, pro- 
duced by the irregularity of the action of one planet 
upon another, being supposed to be contained in the 
inequalities already discussed. 

(180.) First, then, with regard to the mean distance 
of a planet. If we consider an exterior planet disturb- 
ing an interior one (as Saturn disturbing Jupiter), the 
disturbing force in the direction of the radius vector, 
by (77.), &c., tends sometimes to draw it from the sun, 
sometimes to draw it towards the sun, but the former 
is the greater, and we may therefore consider the force 
as, upon the whole, diminishing the sun's attraction. 
This, by (46.), alters the relation between the periodic 
time and the mean distance, so that the mean distance 
is less than it would have been with the same periodic 
time, had there been no disturbance. If we consider 
an interior planet disturbing an exterior one (as 
Jupiter disturbing Saturn), the disturbing force tend- 
ing to draw it to the sun is greatest; and here the 
mean distance is greater than it would have been with 
the same periodic time, had there been no disturbance. 
But so long as these general effects in the force 
directed to the sun continue unaltered, the mean dis- 
tances will not alter (46.), &c. Now, upon taking 
a very long period (as several thousand years), it is 
easy to see that, if we divide that period into two 
or three parts, the two planets have in each of those 
parts been in conjunction indifferently in all parts of 
their orbits; that they have had every possible rela- 
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tive position in every part ; and that (if we make the 
periods long enough) the force wliich one planet has 
sustained in any one point will be accurately the mean 
of all which it would sustain, if we estimated all those 
that it could suffer from supposing the other planet to 
go with its usual motion through the whole of its orbit. 
As this mean will be the same for each of the periods, 
there will, in the long run, be no alteration of the force 
in the direction of the radius vector, and we may assert 
at once that the mean distance cannot be altered by it. 
(181.) But with regard to the disturbing force acting 
perpendicularly to the radius vector, the circumstances 
are different. The mere existence of such a force, 
without variation, causes an alteration in the mean 
distance (48.); and it is necessary to show that the 
nature and variations of the force are such that, in 
the long run, the velocity of the disturbed planet is not 
affected by it. For this purpose, instead of consider- 
ing merely the disturbing force perpendicular to the 
radius vector, we will consider separately the whole 
force which the disturbing planet exerts on the sun, 
and the whole force which it exerts on the disturbed 
planet. Now, the force which it exerts on the sun 
tends to pull the sun sometimes in one direction and 
sometimes in another, but, on the whole, produces 
no permanent displacement: this force, then, may at 
once be neglected. The force which one planet has 
exerted on the other has acted when, for any arbitrary 
position of the disturbing planet, the disturbed planet 
has been at every point of its orbit. Since the whole 



SECULAR VARUTION OF MEAN* DISTANCE. 129 

acceleration produced in a long time is the sum of all 
the accelerations diminished by the sum of all the 
retardations, we may divide them into groups as we 
please, and sum each group. Let us, then, group 
together all the accelerations and retardations pro- 
duced in one position of the disturbing planet. The 
disturbed planet having been in every small part of 
its orbit, during a time proportional to the time which 
it would occupy in passing through that small part in 
any one revolution, the various accelerations and 
retardations will bear the same proportion as if the 
disturbed planet had made one complete revolution, 
and the disturbing planet had been fixed. Now, it 
is a well-known theorem of mechanics, that when a 
body moves through any curve, acted on by the attrac- 
tions of any fixed bodies, its velocity, when it reaches 
the point from which it started, is precisely the same 
as when it started : the accelerations and retardations 
having exactly balanced. Consequently, in the case 
before us, if the disturbing planet had been fixed, and 
the disturbed planet had made one complete revolu- 
tion, the latter would, on the whole, have been neither 
accelerated nor retarded; and, therefore, in the long 
ruo, all the accelerations and retardations of the dis- 
turbed planet, produced in any arbitrary position of 
the disturbing planet, will exactly balance. The same 
may be sho^ for every position of the disturbir>g 
planet ; and thus, on the whole, there is no alteration 
of velocity. Since, then, in the long run, the planet's 
velocity is not altered, and since (180.) the force 

E 
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directed to the sun is not altered, the planet's mean 
distance will not be altered. This reasoning does not 
prevent the increase or diminution of the velocity at 
particular parts of the orbit, and therefore the excen- 
tricity and the line of apses may vary ; but it shows 
that, if there is an increase at one part, there is a dimi- 
nution that balances it at another; and at the point 
where the orbit at the beginning of a long time, and the 
orbit at the end of that time intersect (which will be at 
mean distance nearly), the velocity will not be altered. 

Our demonstration supposes that the portions of the 
curves described in different revolutions, for the same 
position of the disturbing planet, are parts of one orbit, 
and therefore does not take account of the alteration in 
the magnitude of the disturbing force produced by the 
alteration of place which that force has previously 
caused. This has been taken into account, to a certain 
degree, by several mathematicians, and it appears, as 
far as they have gone, that this produces no alteration 
in the conclusion. 

(182.) Secondly, as to the place of perihelion, or the 
position of the line of apses. The motion of this will 
depend essentially on the excentricity of the orbit of the 
disturbing planet. Suppose, for instance, that the orbit 
of Venus was elliptical and the earth's orbit circular; 
as the distance of these planets in conjunction is little 
more than Jth of the earth's distance from the sun, the 
ellipticity of the orbit of Venus would bring that planet 
at aphelion so much nearer to the earth's orbit, that by 
far the greatest effect would take place when in con- 
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junction there ; and this, by (54), would make Venus' 
line of apses progress. But if the earth's orbit were 
more elliptic than that of Venus, and if the earth's 
perihelion were on the same side of the sun as the 
perihelion of Venus, it might happen that the principal 
action would take place at perihelion, and then, by (51.), 
the line of apses would regress. These effects would 
continue to go on, while the relative position of the 
lines of apses, and the proportion of the excentricities, 
remained nearly the same. As, in the long run, con- 
junctions would happen everywhere, the preponderating 
effect would be similar to the greatest effect ; and thus, 
the secular motion of the line of apses will be constant 
(till the positions of the lines of apses, &c., shall have 
changed considerably) ; its magnitude and direction will 
depend on the excentricities of both orbits ; but if the 
disturbed planet is the interior, and if the orbit of the 
other be not excentric, the line of apses will progress. 
The same is true, if the disturbed planet is exterior (the 
greatest action being then at the perihelion, if the 
interior orbit have no excentricity, and being directed 
to the sun). 

(183.) Thirdly, as to the excentricity. If the orbit 
of the disturbing planet were circular, the effect on the 
excentricity produced by conjunction at the place where 
the orbits are nearest, would be of one kind before con- 
junction, and of the opposite kind after conjunction, 
from the disturbing force in the radius vector, as well 
as from that perpendicular to the radius vector; and 
thus the excentricity would not be altered. The same 
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would happen if both orbits were exQentric, provided 
their lines of apses coincided. Thus it appears that 
there is no variation of excentricity, except the orbit of 
the disturbing planet is excentric, and its line of apses ^ 
does not coincide with that of the disturbed planet 
When these conditions hold (as they do in every 
planetary orbit), a general idea of the effect may be 
obtained by finding where the orbits approach nearest; 
then, if we consider the disturbance of the interior 
planet, since the force draws it from the sun, the excen- 
tricity will be increased if it is moving from perihelion, 
or diminished if it is moving towards perihelion. For 
the exterior planet, as the force draws it towards the 
sun, the conclusion will be of the opposite kind. These 
eflfects are constant, till the excentricities and the posi- 
tions of the lines of apses have changed sensibly. The 
place where the force at conjunction produces the 
greatest effect on the excentricity may not be strictly 
the place where the orbits are nearest, but probably will 
not be far removed from that place. 

At the place where the orbits approach nearest, both 
planets in general are moving from perihelion, or both 
towards perihelion, so that when one excentricity is 
increased, the other is diminished. 
, (184) For the general stability of the planetary 
system, the positions of the lines of apses are not im- 
portant, but the permanency of the major axes and the 
excentricities are of the greatest importance. The con- 
clusion which we have mentioned as to the absence of 
secular variation of the major axis, from the action of 
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.one planet, applies also to the disturbances produced by 
any number of planets, and thus we can assert that the 
major axes of the orbits of the planets are not subject 
to any secular variation. The excentricities are subject 
to secular variation, but even this corrects itself in a 
very long time : when the investigation is fully pursued, 
it is found that each of the excentricities is expressed 
by a number of periodic terms, the period of each being 
many thousands of years. Thus the major axis of the 
earth's orbit, notwithstanding its small and frequent 
variations, has not sensibly altered in many thousands 
of years, and will not sensibly alter ; the excentricity, 
besides suffering many small variations, has steadily 
diminished for many thousands of years, and wiU di- 
minish for thousands of years longer, after which it will 
again increase. 

(185.) A remarkable relation exists between the varia- 
tion of the excentricities (of which that mentioned in 
(183.) is a simple instance), the result of which, as to the 
state of the excentricities at any time, is given thus : — 
The sum of the products of the square of each excen- 
tricity by the mass of the planet, and by the square root 
of the major axis, is always the same. 

Section VIII. — Perturbation of Inclination and Place of 

Node. 

(186.) We have hitherto proceeded as if the sun, the 
moon, and all the planets, revolved in the same plane — 
as if, for instance, the sun were fixed in the centre of a 
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table, and all the planets, with their satellites, revolved 
on the surface of the table. But this supposition is not 
true. If we suppose the earth to revolve on the surface 
of the table, the moon will, in half her revolution (we 
mean wliile she describes 180°, not necessarily in half 
her periodic time), rise above the table, and in the other 
half she will go below it, crossing the surface at two 
points wliich, as seen from the earth, are exactly oppo- 
site. Venus will, in half her revolution, rise above the 
table, and in half will sink below it, crossing the table at 
two points which, as seen from the sun, are exactly 
opposite ; each of the other planets and satellites in like 
manner crosses the plane at points which, as seen from 
the central body, are exactly opposite. In different 
investigations it is necessary to consider the inclination 
of the plane of revolution or the plane of the orbit to 
different planes of reference : the line in which the plane 
of revolution crosses the plane of reference is called the 
line of nodes on that plane; and the angle which the 
plane of revolution makes with the plane of reference is 
called the inclination to that plane. The plane of refer- 
ence must always be supposed to pass through the 
central body. 

(187.) The inclinations of all the orbits, except those 
of the small planets, are so trifling (the largest — namely, 
that of the moon's orbit to the earth's orbit — being, at 
its mean state, only 5°), that they may in general be 
wholly neglected in estimating the disturbance which 
one planet produces in the motion of another in its own 
plane. In some cases, however, as in the inequalities of 



INCLINATIONS. ARE GENEEALLY SMALL. 135 

long period, where the efifective force is only the small 
part which remains after a compensation more or less 
perfect, no alteration of the forces must be neglected ; 
and here, as we have hinted in (171.), the inclinations 
must be taken into account. 

(188.) But though the alteration which the inclina- 
tion produces in the forces that tend to disturb the 
body's motion in its plane miay, in most cases, be 
neglected, yet the force which tends to pull the body 
above the plane or below the plane cannot be neglected. 
In almost every case this force will be less than the 
force tending to disturb the motion in the plane, yet it 
will be much greater than the alteration which the 
inclination produces in that force. It is our object in 
this section to show the nature of the alteration which 
is produced by the force tending to pull the body from 
the plane. 

(189.) First, then, as to the effect of a force generally 
which acts perpendicularly to the plane of revolution. 
(We shall confine ourselves at present to forces which 
act perpendicularly to the plane, because it is evident 
that forces which act in, or parallel to, the plane of the 
orbit, whether in the radius vector or perpendicularly to 
it, wiU not cause the planet to depart from that plane.) 
Let fig. 40 be a perspective representation of an orbit, 
and a plane of reference. Suppose M A N to be the line 
of nodes at which the plane of the orbit N" Bi Ba crosses 
the plane of reference D E ; the central body A being in 
the line of nodes, and the part of the orbit marked by a 
dark line being above the plane, and that marked by a 
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dotted line being below it. Suppose that the planet 
has moved from N to Bj, and that at Bj, before it reached 
the point liighest above the plane D E, a force pulls it; 
down towards the plane. After a short time, instead of 
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going to Bjj, where it would have been if no force had 
disturbed it, it will be found at 62? having described 
Bi 62, instead of Bi B2. It is plain that the orbit in 
which the planet must have moved without a disturbing 
force, in order to describe Bi 62 now, could not be N Bi, 
but must be such a curve eua nBi, crossing the plane 
D E at a point in the situation of the point n. There- 
fore, if no more disturbing forces act, the planet, which 
has described Bi J2 as if it came without disturbance 
from n, will go on to describe an orbit as if it had come 
without disturbance from n, and will therefore describe 
an orbit n Bi 62 ^, crossing the plane D E in the points 
n and m, The line of nodes is changed from M A N to 
mAn. 

(190.) Here the line of nodes has twisted in a direc- 
tion opposite to the planet's motion, or has regressed. 
The inclination of the new plane is evidently less than 
that of the old one, since it passes through the same 
point B, and cuts the plane of reference in a line more 
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distant from B than the line in which the old one cut it, 
or the inclination is diminished, 

(191.) Now, if we conceive that at B3, fig. 41, after 
the planet has passed the point highest above the plane, 

Fig. 41. d 




a force tends to pull it towards the plane, the planet, 
instead of going to B4, will go to 64, and instead of 
crossing the plane D E at M, will cross it at m ; and 
then, if it is not disturbed again, will proceed in an orbit 
of which B3 J4 m is a part, and which will cross the plan^ 
D E at the points m and n. The new line of nodes has 
twisted here also in the direction opposite to the direc- 
tion of the planet's motion, or has regressed. But the 
inclination of the new plane is greater than that of the 
old one, since it passes through the same point B3, and 
cuts the plane of reference in a line less distant from 
B3 than the line in which the old one cut it, or the 
inclination is increased, 

(192.) We have, then, this general result : If a force 
acting perpendicularly to the orbit tends to draw the 
planet towards the plane of reference, it always causes 
the line of nodes on that plane to regress; while 
the planet is moving from a node to the point highest 
above the plane of reference, it diminishes the in- 
clination to that plane ; and while the planet is moving 



138 GRAVITATION. 

from the highest point to a node, it increases the in- 
clination. 

(193.) In the same manner, if the force tends to draw 
the planet from the plane of reference, it always causes 
the line of nodes to progress. While the planet is 
moving from a node to the point highest above the 
plane, it increases the inclination ; and while the planet 
is moving from the highest point to a node, it diminishes 
the inclination. 

(194) Similar results would have been obtained if 
we had considered the action of the force while the 
planet is in that part of its orbit, which is on the other 
side of the plane D E. 

We shall now proceed with the consideration of the 
force perpendicular to the orbit, which is produced by 
the attraction of a disturbing body, 

(195.) First : It is plain that, if the disturbing body 
is in the plane of the orbit (produced, if necessary), it 
will not tend to draw either the central body or the 
planet out of that plane, and therefore will produce no 
disturbing force perpendicular to the plane of the orbit. 
Proceeding, then, with the supposition that the dis- 
turbing body is not in the plane of the orbit; and 
supposing fig. 42 to be a perspective view of an orbit 
B2 Bi B3 (which, to assist our ideas, may be conceived to 
differ little from a circle) with the disturbing body C 
out of the plane of the orbit, let us take three points, 
Bi B2 B3, of which Bi is at the the same distance as A 
from C, B2 is nearer to C, and B3 farther from C than A 
is. Suppose that the attraction of C draws A in a 
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certain small time through the space A a, and that when 
the planet is at Bi, or Bg, or B3, the attraction draws the 
planet in the same time through Bi 61, or B2 &2> or 
B3 63, respectively. Then (as in (71.) ) the attraction of C 

Fig. 42. 




npon the two bodies A and B would produce no disturb- 
ance in their relative motions, if it drew them through 
equal spaces in the same direction. Draw Bi e?i, Ba e?2, 
B3 ^3, each equal and parallel to A a ; then, if the attrac- 
tion had drawn Bi to t^, there would have been no dis- 
turbance, and consequently the real disturbance at Bi is 
represented by a force which would have drawn the 
planet from di to 61. Similarly, the real disturbances at 
Ba and B3, are represented by forces which would have 
drawn the planet from Aj to 6a> and from dg to 63, respec- 
tively. Now, since C B, is equal to C A, the forces of C 
upon A and Bi are equal, and therefore Bi 61 is equal to 
A a, and therefore a hi is parallel to A Bi, and therefore 
is in the same straight line with 61 di ; and consequently 
at Bi the whole disturbing force is parallel to the radius 
vector, and there is no part perpendicular to the plane 
of the orbit. But at Ba the planet is nearer to C, the 
force therefore on the planet is greater, and Ba Ja is 
therefore greater than A a or Ba (^ ; also it is more nearly 
perpendicular to the plane of the orbit than Bj d^ ; and 
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consequently 63 is farther from the plane of the orbit 
than d2 ; and therefore the disturbing force dj 62 is 
directed from the plane of the orbit towards the side on 
which C is. On the contrary, at B3 the planet is farther 
from C ; the force on the planet is therefore less ; and 
B3 63 is therefore less than A a or B3 ^3 ; moreover, it is 
inclined more to the perpendicular than B3 c?3, and con- 
sequently 63 is nearer to the plane of the orbit than 
d^ ; and therefore the disturbing force d^ h is directed 
from the side on which C is. Thus we find, 

(196.) When the central and revolving bodies are 
equally distant from the disturbing body, there is no 
disturbing force perpendicular to the plane of the orbit. 

(197.) When the revolving body is nearer the dis- 
turbing body than the central body is, the disturbing 
force perpendicular to the plane tends to draw the 
revolving body out of the plane to that side on which 
the disturbing body is. 

(198.) When the revolving body is farther from the 
disturbing body than the central body is, the disturb- 
ing force perpendicular to the plane tends to draw the 
revolving body out of the plane to the side opposite 
the disturbing body. 

We may now apply these conclusions to the altera- 
tion of the node and inclination of the moon's orbit 
produced by the sun's attraction. The plane of refer- 
ence is here supposed to be the plane of the earth's 
orbit. 

(199.) First: suppose the line of nodes of the moon's 
orbit to be in syzygies, or to pass through the sun* 
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Here the sun is in the moon's orbit produced, and 
therefore by (189.), there is no disturbing force perpen- 
dicular to the moon's orbit. 

(200.) Secondly : suppose the line of nodes to be in 
quadratures, or to be perpendicular to the line drawn 
from the earth to the sun, as in fig. 43. The sun, in 
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the figure, may be considered as being below the plane 
of the moon's orbit. Also, the moon's distance from 
the earth being small, the points, at which the moon's 
distance from the sun is the same as the earth's, are 
very nearly the same as the points of quadrature, or 
(in the case before us) they are very nearly the same as 
the nodes. Consequently, while the moon moves from 
B4 through Bi to B2, she is nearer to the sun than the 
earth is, and therefore the disturbing force, by (197.), 
tends to pull her downwards from the plane of her 
orbit : while the moon moves from B2, through B3, to 
B4, she is farther from the sun than the earth is, and 
therefore the disturbing force tends to pull her upwards 
from the plane of her orbit. In the case before us, 
then, the disturbing force is always directed towards 
the plane of reference. Consequently, by (192.), while 
the moon moves from B4 to Bi, the line of nodes is 
made to regress, and the inclination is diminished; 
while the moon moves from B^ to B2, the line of nodes 
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regresses, and the inclination is increased; while the 
moon moves from B, to Ba, the line of nodes regresses, 
and the inclination is diminished : and while the moon 
moves from B3 to B4, the line of nodes regresses, and 
the inclination is increased. The inclination, there- 
fore, is not sensibly altered in a whole revolution, but 
the line of nodes regresses during the whole of the 
revolution. 

(201.) Thirdly : suppose the line of nodes to l)e in 
such a position that the moon passes the line of nodes 
in going from quadrature to syzygy, as in fig. 44. 

N 

Fig. 44. ** vS^^^^^ 

Here the sun is to be considered as below the moon'is 
orbit, and, therefore, while the moon moves from B4, 
through Bi, to B2, the disturbing force tends to pull her 
down from the plane of the orbit, and while she moves 
from B2, through B3 to B4, the force tends to pull her 
up from the plane of her orbit. Therefore, in going 
from B4 to N, the force pulls the moon from the plane 
of reference ; and causes thereby a progression of the 
line of nodes and a diminution of the inclination 
(193.) ; in going from N to the highest point 0, the 
force pulls the moon towards the plane of reference ; 
and, therefore, causes the nodes to regress, and the 
inclination to diminish (192.) ; in going from the 
highest point to Bg, the force still pulls the moon 
towards the plane of reference; and, therefore, still 
causes the nodes to regress, but causes the inclination 
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to increase. Thus while the moon moves from B4 to N, 
the force causes the line of nodes to progress, and 
while she moves from N to Bg, it causes the line of 
nodes to regress ; and, similarly, while she moves from 
B2 to M, the force causes the line of nodes to progress ; 
and while she moves from M to B4, it causes the line 
of nodes to regress. On the whole, therefore, the line 
of nodes regresses, but not so rapidly as in the second 
case. Also, while the moon moves from B4 to 0, the 
inclination is diminished, and while she moves from 
to B2 the inclination is increased; and, similarly, 
while she moves from Bj to P the inclination is dimi- 
nished ; and while she moves from P to B4 the incli- 
nation is increased. On the whole, therefore, the 
inclination is diminished. 

(202.) Fourthly: suppose the line of nodes to be 
in such position that the moon passes it in going from 
syzygy to quadrature, as in fig. 45. Here, also, the sun 
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is below the plane of the orbit produced ; and, therefore,, 
from B4 to Ba the force tends to pull the moon down 
from her orbit ; and from Bg to B4 it tends to pull her 
up from it. As in the last case it would be seen, that 
while the moon moves from B4 to M, the line of nodes 
regresses, while from M to B2, the line of nodes pro- 
gresses ; while from Bj to N, the line of nodes regresses ; 
and while from N to B4, the line of nodes progresses. 
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On the whole, therefore, the line of nodes regresses. 
Also, it will be seen, that while the moon moves from 
B4 to 0, the inclination is diminished ; while from to 
B2 the inclination is increased ; while from Bj to P, the 
inclination is diminished ; and while from P to B4, the 
inclination is increased. On the whole, therefore, the 
inclination is increased. 

The same reasoning would apply, and lead to the 
same conclusions in every respect, if we supposed the 
moon's orbit inclined in the opposite direction. 

(203.) Now the earth moves round the sun, and, 
therefore, the sun appears to move round the earth, in 
the same direction in which the moon moves round the 
earth. If then we begin with the state in which the 
line of nodes is passing through the sun (and in which 
neither the node nor the inclination undergoes any 
change, by the first case), we come next to the state in 
which the moon passes the line of nodes in going from 
quadrature to syzygy (in which the node regresses and 
the inclination diminishes, by the third case) ; then we 
come to the state in which the line of nodes coincides 
with the line of quadratures (in which the node regresses 
rapidly, and the inclination is not altered, by the second 
case) ; then we come to the state in which the moon 
passes the line of nodes in going from syzygy to quad- 
rature (in which the node regresses and the inclination 
is increased, by the fourth case) ; and then we come to 
the state in which the line of nodes again passes through 
the sun. This is when the sun has described, appa- 
rently, haK a revolution round the earth (or rather less, 
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in consequence of the regression of the node), and in 
the other half revolution, the same changes in every 
respect take place in the same order. The inclination, 
therefore, is greatest when the line of nodes passes 
through the sun, or coincides with the line of syzygy ; 
and is least when the line of nodes coincides with the 
line of quadratures ; since it is constantly diminishing 
while we are going from the former state to the latter, 
and constantly increasing whUe we are going from the 
latter state to the former. This is the principal irregu- 
larity in the inclination of the moon's orbit ; all the 
others are very small. 

(204.) The line of nodes is constantly regressing at 
every revolution of the moon, except when the line of 
nodes passes through the sun. The annual motion 
which we might at first expect it to have, is somewhat 
diminished by the circumstance, that the rapid regres- 
sion of the line of nodes, when in the position in which 
the greatest effect is produced, carries it from the line of 
quadratures more swiftly than the sun's progressive 
motion only, by making the Une of quadratures to pro- 
gress, would separate them. But as the line of nodes 
never progresses, the diminution of the motion of the 
line of nodes occasioned thus, is very much less than the 
increase of the motion of the line of apses (107.). Also, 
as the force acting on opposite points of the orbit, tends 
to produce effects of the same kind, there is no irregu- 
larity similar to that explained in (106.). Hence the 
actual regression of the line of nodes, though a little less 
than might at first be expected, differs from that regres- 

L 
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sion by a much smaller quantity tlian that, by which 
the actual motion of the line of apses differs from the 
motion which at first we might expect it to have. The 
line of nodes revolves completely round in something 
more than nineteen years. 

(205.) The effect of the irregularity in the regression 
of the nodes, and the effect of the alternate increase and 
diminution of the inclination, are blended into one 
inequality of latitude, which depends on the sun's 
longitude, the longitude of the moon's node, and the 
moon's longitude. This inequality was discovered (from 
observation) by Tycho Brahe, about a.d. 1590. It may 
be considered to bear the same relation to the inclina- 
tion which the evection bears to the excentricity ; and, 
like the evection in longitude, it is the greatest of the 
inequalities in latitude. It is, however, much less than 
the evection ; its greatest effect on the moon's latitude 
being about 8', by which the mean inclination is some- 
times increased and sometimes diminished. 

(206.) There are other small inequalities in the 
moon's latitude, arising partly from the changes in the 
node and inclination, which take place several times in 
the course of each revolution (200.), &c. ; partly from the 
excentricity of the orbits of the moon and the earth, 
partly from the distortion accompanyiug the variation, 
and partly from the variability of the inclination itself. 
We shall not, however, delay ourselves with the expla- 
nation of all these terms. 

(207.) We shall now proceed with the disturbance of 
the planets in latitude. 
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In this inquiry it is always best to take the orbit of 
the disturbing planet for the plane of reference. Now 
let us first consider the case of Mercury or Venus dis- 
turbed by Jupiter. In this case, Jupiter revolving in a 
long time round the sun, which is the central body to 
Mercury or Venus, produces exactly the same effect as 
the sun revolving (or appearing to revolve) round the 
earth, which is the central body to the moon. The dis- 
turbing force of Jupiter, therefore, produces a regression 
of the nodes of the orbits of Mercury and Venus on 
Jupiter's orbit; and an irregularity in the motion of 
each node, and an alteration in the inclination, whose 
effects might be combined into one: and this is the 
only inequality in their latitude, produced by Jupiter, 
whose effects are sensible. 

(208.) The other inequalities in latitude depending 
on the relative position of the planets, possess no par- 
ticular interest; and a general notion of them may 
be formed from the remarks in the discussion of the 
motion of the moon's node. One case, however, may be 
easily understood. When an exterior planet is dis- 
turbed by the attraction of an interior planet, whose 
distance from the sun is less than half the distance of 
the exterior planet, and whose periodic time is much 
shorter, then the exterior planet is always farther from 
the interior planet than the sun is, and therefore, by 
(195.), there is a disturbing force urging it from the 
plane of reference when the planets are in conjunction, 
and to it when they are in opposition ; and thus the 
exterior planet is pushed up and down for every con- 

L 2 
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junction of the two planets. The disturbance, however, 
is nothing when the exterior planet is at the line of its 
nodes (195.). 

(209.) The near commensurability of periodic times, 
which so strikingly affects the major axis, the excen- 
tricity, and the place of perihelion, produces also con- 
siderable effects on the node and the inclination. The 
reasoning of (175.) and (176.) will in every respect apply 
to this case : the greatest effect is produced, both on the 
motion of the node and on the change of inclination, 
when the planets are in conjunction : the gradual 
alteration of the point of conjunction produces a gra- 
dual alteration of these effects, which, however (in such 
a case as that of Jupiter and Saturn), is partially 
counteracted by the gradual change of the other points 
of conjunction : the uncompensated part, however, may, 
in many years, produce a very sensible irregularity in 
the elements. If we put the words line of nodes for 
line of apseSy and inclination for excentridty, the whole of 
the reasoning in (175.), &c., will apply almost without 
alteration. 

(210.) For the secular variation of the position of the 
orbit, the following considerations seem sufficient. In 
the long run, the disturbed planet has been at every 
one point of its orbit a great number of times, while 
the disturbing planet has been at almost every part 
of its orbit. The disturbing force is always the differ- 
ence of the forces which act on the sun and on the 
disturbed planet. As the disturbing planet, in these 
various positions, acts upon the sun in all directions in 
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the plane of its orbit, its efifect on the sun may be 
wholly neglected; and then it is easy to see that, 
whether the disturbing planet be exterior or interior to 
the other, the combined efifect of the forces in all these 
points on the disturbed planet at one point, is to pull it 
from its orbit towards the plane of the disturbing 
planet's orbit. (This depends upon the circumstance 
that the force is greatest when the disturbing planet is 
nearest.) Consequently, by (192.), the line of nodes of 
the disturbed planet's orbit on the disturbing planet's 
orbit, in the long run, always regresses. If the orbits 
are circular, there is no alteration of the inclination, 
since, at points equally distant from the highest point, 
there is the same force on the disturbed planet ; and, 
therefore, by (192.), the inclination is increased at one 
time, and diminished as much at another. If the orbits 
are elliptic, one point may be found where the efifect of 
the force on the inclination is greater than at any other, 
and the whole efifect on the inclination will be similar 
to that. 

(211.) In stating that the nodes always regress in the 
long run, the reader must be careful to restrict this 
expression to the sense of regressing on the orbit of the 
disturbing planet. It may happen that on another 
orbit they will appear to progress. Thus the nodes of 
Jupiter's orbit are made to regress on Saturn's orbit by 
Saturn's disturbing force. The nodes of these orbits 
on the earth's orbit are not very widely separated : 
but the inclination of Saturn's orbit is greater than that 
of Jupiter's. If we trace these on a celestial globe, we 
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shall have such a figure as fig. 46 ; where E C represents 
the plane of the earth's orbit, J E the orbit of Jupiter, 
and S T that of Saturn. The orbit of Jupiter, by re- 
gressing on Saturn's orbit, assumes the position of the 
dotted line j e ; but it is plain that the intersection of 
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this orbit with the earth's orbit has gone in the opposite 
direction, or has progressed. If the motion of the node 
on Saturn's orbit from J to y is regression, the motion 
of the node on the earth's orbit from E to e must be 
progression. 

(212.) There is a remarkable relation between the 
inclination of all the orbits of the planetary system to 
a fixed plane, existing through all their secular varia- 
tions, similar to that between their excentricities. The 
sum of the products of each mass, by the square root 
of the major axis of its orbit, and by the square of the 
inclination to a fixed plane, is invariable. 

(213.) The disturbance of Jupiter's satellites in 
latitude presents circumstances not less worthy of re- 
mark than the disturbance in longitude. The masses 
are so small, and their orbits so little inclined to each 
other, that the small inequalities produced in a revolu- 
tion may be neglected. Even that depending on the 
slow revolution of the line of conjunctions of the first 
three satellites, so small is the mutual inclination of 
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their orbits, does not amount to a sensible quantity. 
We shall, therefore, consider only those alterations in 
the position of the planes of the orbits which do not 
vary sensibly in a small number of revolutions. For 
this purpose, we must introduce a term which has not 
been introduced before. 

(214) If the moon revolved round the earth in the 
same plane in which the earth revolves round the sun, 
the sun's attraction would never tend to draw the moon 
out of that plane. But (taking the circumstances as 
they really exist), the moon revolves round the earth 
in a plane inclined to the plane in which the earth 
revolves round the sun; and the consequence, as we 
have seen, is that the line of nodes upon the latter plan6 
regresses, and the inclination of the orbit to the latter 
plane remains, on the whole, unaltered. The plane of 
the earth's orbit, then, may be considered o, fwndammdal 
plane to the moon's motion ; by which term we mean 
to express, that if the moon moved in that plane, the 
disturbing force would never draw her out of it ; and 
that if she moved in an orbit inclined to it, the orbit 
would always be inclined at nearly the same angle to 
that plane, though its line of nodes had sensibly altered. 
The latter condition will, in general, be a consequence 
of the former. 

(215.) In order to discover what will be the funda- 
mental plane for one of Jupiter's satellites, we must 
consider that, besides the sun's attraction, there is 
another and more powerful disturbing force acting on 
these bodies, namely, the irregtdarity of attraction 
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produced by Jupiter's flatness. The effect of this (as 
we shall show) is always to pull the satellites towards 
the plane of Jupiter's equator. If Jupiter were spherical, 
the only disturbing force would be the sun's attraction, 
tending on the whole to draw the satellite towards the 
plane of Jupiter's orbit, and that plane would be the 
fundamental plane of the satellite. If Jupiter were 
flattened, and if the sun did not disturb the satellite, 
the irregularity in Jupiter's shape would always tend 
to draw the satellite towards the plane of his equator, 
and the plane of his equator would be the fundamental 
plane of the satellite. As both causes exist, the posi- 
tion of the actual fundamental plane must be found by 
the following consideration. We must discover the 
position of a plane from which the sun's disturbing 
force tends, on the whole, to draw the satellite down- 
wards, and the disturbing force depending upon Jupiter's 
shape, tends to draw it upwards (or vice versa) by equal 
quantities ; and that plane will be the fundamental 
plane. This plane must lie between the planes of 
Jupiter's orbit and Jupiter's equator, because thus only 
can the disturbing forces act in opposite ways, and 
therefore balance each other ; and it must pass through 
their intersection, as otherwise it would at that part be 
above both or below both, and the forces depending on 
both causes would act the same way. 

(216.) The disturbing force of the sun, as we have 
seen (82.), &c., is greater as the satellite is more distant ; 
the disturbing force depending on Jupiter's shape is 
then less, as we shall mention hereafter. Consequently, 
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as the satellite is more distant, the effect of the sun's 
disturbing force is much greater in proportion to that 
depending on Jupiter's shape. Thus, if there were a 
single satellite at the distance of Jupiter's first satellite, 
its fundamental plane would nearly coincide with the 
plane of Jupiter's equator ; if at the distance of Jupiter's 
second satellite, its fundamental plane would depart a 
little farther from coincidence with the plane of the 
equator ; and so on for other distances ; and if the dis- 
tance were very great, it would nearly coincide with 
the plane of Jupiter's orbit. If, then, Jupiter's four 
satellites did not disturb each other, each of them 
would have a separate fundamental plane, and the posi- 
tions of these planes would depend only upon each 
satellite's distance from Jupiter. 

(217.) In fact, the satellites do disturb each other. 
In speaking of the planets (210.), we have observed that 
the effect of the attraction of one planet upon another, 
in the long run, is to exert a disturbing force tending to 
draw that other planet (at any part of its orbit) towards 
the plane of the first planet's orbit. The same thing is 
true of Jupiter's satellites. Now, though each of them 
moves generally in an orbit inclined to its fundamental 
plane, yet in the long run (when the nodes of the orbit 
have regressed many times round), we may consider 
the motion of each satellite as taking place in its funda- 
mental plane. The question, therefore, must now be 
stated thus. The four satellites are revolving in four 
different fundamental planes ; and the position o( each 
of these planes is to be determined by the consideration 
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that the satellite in that plane is drawn towards the 
plane of Jupiter's orbit by the sun's disturbing force, 
towards the plane of Jupiter's equator by the force de- 
pending on Jupiter's shape, and towards the plane of 
each of the other three satellites, by the disturbing force 
produced by each satellite: and these forces must 
balance in the long run. 

(218.) The determination of these planes is not very 
difficult, when general algebraical expressions have been 
investigated for the magnitude of each of the forces. 
The general nature of the results will be easily seen ; 
the several fundamental planes will be drawn nearer 
together (that of the first satellite, that of the second, and 
that of the third, will be drawn nearer to Jupiter's orbit, 
while that of the fourth will be drawn nearer to Jupiter's 
equator). The four planes will still pass through the 
intersection of the plane of Jupiter's equator with that 
of Jupiter's orbit. Thus, if we conceive the eye to be 
placed at a great distance, in the intersection of the 
planes of Jupiter's orbit and Jupiter's equator, and if 
the dotted lines in fig. 47 represent the appearance of 

Fig. 47. C^^iPfe.^ 



the fundamental planes which would exist if the satel- 
lites did not disturb each other, then the dark lines will 
represent the positions of these planes as affected by 
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the mutual disturbances. The inclination of Jupiter's 
equator to Jupiter's orbit is about 3° 5' ; and so great 
is the effect of his shape, that the fundamental plane of 
the first satellite is inclined to his equator by only 7" ; 
that of the second satellite by about 1' ; that of the 
third by about 5' ; and that of the fourth by about 24'i. 
Without mutual perturbation, the inclinations to Jupi- 
ter's equator would have been about 2", 20", 4,' and 48'. 

(219.) Having considered the positions of the funda- 
mental planes", we shall now consider the motion of a 
satellite, when moving in an orbit inclined to its funda- 
mental plane. 

(220.) The general efifect will be of the same kind as 
that for the moon. Since the disturbiag force which 
then tends to pull it from the plane of its orbit, tends 
to pull it towards the fundamental plane (as, supposing 
the satellite to be on that side of the fundamental plane 
next the plane of Jupiter's equator, the sun's disturbing 
force towards Jupiter's orbit is increased, that towards 
Jupiter's equator is diminished, and so for the others), 
the line of nodes will regress on the fundamental plana 
The inclination on the whole will not be altered. That 
part of the regression of the nodes which depends on the 
sun's disturbing force wiU be greater for the distant 
satellites than for the near ones ; but that which depends 
on the shape of Jupiter (and which is much more 
important) will be greater for the near satellites than for 
the distant ones. On the whole, therefore, the lines 
of nodes of the interior satellites, will regress more 
rapidly than those of the exterior ones. Their annual 
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regressions (beginning with the second) are, in faxjt, 
12°, T 32', and 41'. 

(221.) But the disturbing force of one satellite upon 
the others will be altered by the circumstance of its 
orbit not coinciding with its fundamental plane ; and 
the orbit remains long enough in nearly the same 
position to produce a very sensible irregularity. To 
discover the nature of this, we must observe that the 
force of one satellite, perpendicular to the orbit of 
another, depends wholly upon the inclination of the 
two orbits, so that, upon increasing the inclination, the 
disturbiQg force is affected. Suppose now, to fix our 
ideas, the second satellite moves in an orbit inclined to 
its fundamental plane ; what is the kind of disturbance 
that it will produce in the latitude of the first satellite ? 
First, it must be observed, that when moving in the 
fundamental planes, the forces depending upon the 
inclination of those planes were taken into account in 
determining the position of those planes ; so that here 
we have to consider only the alteration produced by the 
alteration in the second satellite's place. Next, we 
shall proceed in the same manner as in several pre- 
ceding instances, by finding what is the motion of the 
first satellite, related to the motion of the second satel- 
lite, which can exist permanently with this inclination 
of the second satellite. Now, in whatever part the 
actual orbit of the second is higher above, or less 
depressed below, the orbit of the first, than the funda- 
mental plane of the second was, at that part there will 
be a greater force drawing the first satellite up, or a 
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smaller force drawing it down (in the conjunctions at 
that part), than before. The alteration of force, then, 
will be generally represented by supposing a force to 
act on the first satellite, at different points of its orbit, 
towards the same side of its plane as the side on which 
the second satellite's orbit is there removed from its 
fundamental plane, and proportional to the magnitude 
of that removal. Now, conceiving the inequality intro- 
duced into the motion of the first satellite to be a small 
inclination of its orbit to its fundamental plane (which 
is the only inequality of Jupiter's satellites that we 
consider), the nodes of this orbit cannot correspond to 
the places where the second satellite is furthest from its 
fundamental plane ; for then, at one node of the first 
satellite, the disturbing force, before and after passing 
that node, being great, and not changing its direction, 
would not alter the place of the node, but would greatly 
alter the inclination: and at the opposite node, the 
force acting in the opposite direction would produce the 
same effect ; and thus the permanency of the inequality 
would be destroyed. We must then suppose the nodes 
of the orbit of the first satellite on its fundamental 
plane to coincide with those of the orbit of the second 
satellite on its fundamental plane. But is the inclina- 
tion to be the same way, or the opposite way? To 
answer this, we must consider that the action of Jupi- 
ter's shape would tend to make the nodes of the first 
satellite regress much more rapidly than those of the 
second ; but as our orbit of the first satellite is assumed 
to accompany the second in its revolution, the dis- 
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turbing force depending on the second must be such as 
to destroy a part of this regression, or to produce (sepa- 
rately) a progression of the nodes of the first; conse- 
quently, the disturbing force produced by the second 
must tend to draw the first from its fundamental 
plane (193.). But the disturbing force produced by the 
second is in the same direction as the distance of the 
second from the fundamental plane of the second ; con- 
sequently, the orbit of the first must lie in the same 
position, with regard to the fundamental plane of the 
first, in which the orbit of the second lies with regard 
to the fundamental plane of the second. The same 
reasoning applies to every other case of an interior 
satellite disturbed by an exterior; and thus we have 
the conclusion : If the orbit of one of Jupiter's satel- 
lites is inclined to its fundamental plane, it affects the 
orbit of each of the satellites interior to it with an 
inclination of the same kind, and with the same nodes. 

(222.) Let us now inquire what will be the nature of 
the inequality produced in the latitude of the third 
satellite. The same reasoning and the same words may, 
in every part, be adopted, except that the regression of 
the nodes of the third satellite, as produced by Jupiter's 
shape, will be slower than that of the second satellite, 
and therefore the disturbing force which acts on the 
third, must now be such as to quicken the regression of 
its nodes, and must therefore be directed towards its 
fundamental plane. From this consideration we find, 
as a general conclusion, if the orbit of one of Jupiter's 
satellites is inclined to its fundamental plane, it affects 



ORBITS OF JUPITER'S SATELLITES. 159 

the orbit of each of the satellites exterior to it, with an 
inclination of the opposite kind, but with the same 
nodes. 

(223.) The first satellite's orbit appears to have no 
sensible inclination to its fundamental plane ; but those 
of the second, third, and fourth are inclined to their 
fundamental planes (the second 25', and the third and 
fourth about 12'), and these are found to produce in the 
others inequalities such as we have investigated. 

(224.) It is only necessary to add, that the disturbance 
of the first satellite by the second produces an altera- 
tion in the action of the first on the second, tending to 
draw the second from its fundamental plane, and there- 
fore to diminish, by a small quantity, the regression 
of its nodes. In the same manner, the altered action 
of the third on the second tends to draw the second 
towards its fundamental plane, and therefore to increase, 
by a small quantity, the regression of its nodes. There 
is exactly the same kind of complication with regard to 
the disturbances of those bodies in latitude as with 
regard to those in longitude, explained in (150.), &c. 

(225.) The only other inequality in latitude, which 
is sensible, is that depending on the position of the 
sun, with regard to the nodes of the orbits on the 
plane of Jupiter's orbit (that is, with regard to the node 
of Jupiter's equator on Jupiter's orbit), and this amounts 
to only a few seconds. It is exactly analogous to that 
of the moon, explained in (205.). 
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Section IX. — Effects of the Oblateness of Planets upon 

the Motions of their Satellites, 

(226.) In the investigations of motion about a central 
body, we have supposed that central body to be a 
spherical baU. This makes the investigation remark- 
ably simple ; for it is demonstrated by mathematicians, 
that the spherical form possesses the following pro- 
perty : the attraction of all the matter in a sphere upon 
another body at any distance external to it is exactly 
the same as if all the matter of the sphere were col- 
lected at the centre of the sphere. In the investigation 
of motion about a centre, we may therefore lay aside 
(as we have usually done) all consideration of the size 
of the attracting body, if that body is spherical. 

(227.) But the planets are not spherical. Whether 
or not they have ever been fluid, still they have (at 
least, the earth has) a great extent of fluid on its sur- 
face, and the form of this fluid will be affected by the 
rotation of the planet. The fluid will spread out most 
where the whirling motion is most rapid, that is, at the 
equator. Thus it appears from theory, and it is also 
found from measures, that the earth is not a sphere, but 
a spheroid, flattened at the north and south poles, and 
protuberant at the equator. The proportion of the axes 
differs little from the proportion of 299 : 300 ; so that 
a line drawn through the earth's centre, and passing 
through the equator, is longer than one passing through 
the poles, by 27 miles. 

(228.) The flattening of Jupiter is still more remark- 
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able. The proportion of his axes differs little from that 
of 13 : 14, and thus the difference of his diameters is 
nearly 6000 miles. In fact, the eye is immediately 
caught by the elliptic appearance of Jupiter, on viewing 
him for a moment in a telescope. 

(229.) It is our business, in the present section, to 
point out the general effects of this shape upon the 
motion of satellites. The agreement of observation 
with calculation on this point is certainly one of the 
most striking proofe of the correctness of the theory, 
" that every particle of matter attracts every other par- 
ticle, according to the law of Universal Gravitation." 

(230.) We will begin with explaining the law 
according to which an oblate planet attracts a satellite 
in the plane of its equator. 

The spheroid represented by the dark line in fig. 48 



'Fig. 48. 




may be supposed to be formed from the sphere repre- 
sented by the dotted line, by cutting off a quantity of 
matter from each pole. To simplify our conception, 
let us suppose that all the matter cut off was in one 
lump at each pole; that is, at the points D and E. 
The attraction of the whole sphere on the satellite B, 
as we have remarked, is the same as if all the matter 
of the sphere were collected at A. But the attraction 
of the part cut off is not the same as if it were col- 
lected at A, inasmuch as its distance from B is greater, 

M 
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and as the direction of the attraction to D, or to E, is 
not the same as that to A. Thus, suppose AD is 
called 1, and A B is called 10. Since the forces are 
inversely as the squares of the distances at which the 
attracting mass is situate, the attraction of the lump D, 
if at the point A, where its distance from B is 10, may 
be called tJ^ ; but if at D, it must be called t-Jt, since 
the square of B D is equal to the sum of the squares of 
B A and A D, that is, to the sum of 100 and 1. Also 
the direction of attraction is not the same ; for, if the 
attraction of D should draw the satellite through B b, 
and if 6 c be drawn perpendicular to A B, the only effec- 
tive approach to A is the distance B c, which is less 
than B 6 in the proportion of B A to B D, or of 10 to 

V^lOl; and, therefore, the effective attraction of D, 

estimated by the space through which it draws the 

10 

satellite towards A, piust be called =:. And 

101x^/101 

this is the whole effect which its attraction produces ; 
for though the attraction of D alone tends to draw the 
satellite above A B, yet the attraction of E will tend to 
draw it as much below A B ; and thus the parts of the 
force which act perpendicular to A B will destroy each 

other. We have, then : the attraction of the lump D, 

1 
if placed at A, would be represented by =-aa = 0*01 ; 

but as placed at D, its effective attraction is repre- 

10 

sented by =- = 0-0098518. The difference 

^ 101 X v^lOl 

is 00001482, or nearly -i ooooo ^^ ^^ ^^^ whole attrac- 
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tion of D, and the same for E. Consequently, the 
lumps at J) and E produce a smaller effective attrac- 
tion on B than if they were collected at A ; but the 
whole sphere produces the same effect as if its whole 
mass were collected at A ; and, therefore, the part left 
after cutting away the lumps at D and E produces a 
greater attraction than if its whole mass were collected 
at A. 

(231.) But it is important to inquire, whether this 

attraction is greater than if the matter of the spheroid 

were collected in the centre, in the same proportion at 

all distances of the satellite. For this purpose, suppose 

I the distance of the satellite to be 20. The same 

lieasoning would show, that the attraction of the 

I lump D, if placed at A, must now be represented by 

= 0-0025 ; but that, if placed at D, its effective at- 



I traction is represented by 



20 



401 X ^401 



z. = 0-002490653. 
375 



I The difference now is 0-000009347, or nearly ^qqq^q 

1-of the whole attraction of D. Consequently by re- 
moving the satellite to twice the distance from A, the 
difference between the effective attraction of the lump 
at A and at D, hears to the whole attraction of the 

ilump at A, a proportion four times smaller than 
before. And, therefore, the attraction of the spheroid, 
Hiough still greater than if its whole matter were 
eollected at A, differs from that by a quantity, whose 
broportion to the whole attraction is only one-fourth of 
I H 2 
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what it was before. If we tried different distances in 
the same manner, we should find, as a general law, 
that the proportion which the diflerence (of the actual 
attraction, and the attraction supposing all the matter 
collected at the centre) bears to the latter, diminishes 
HS the square of the distance from A increases. 

(232.) The attraction of an oblate spheroid upon 
a satellite, or other body, in the plane of its equator, 
may, therefore, be stated thus: — There is the same 
force as if all the matter of the spheroid were collected 
at its centre, and, besides this, there is an additional 
force, depending upon the oblateness, whose proportion 
to the other force diminishes as the square of the 
distance of the satellite is increased. 

(233.) Now, let us investigate the law according to 
which an oblate spheroid attracts a body, situate in the 
direction of its axis. 

Proceeding in the same manner as before, and sup- 
posing the distance A B to be 10, the attraction of the 



Fig. 49. 




lump, which at A would be represented by t^, will at 
D be represented by -^^ and will at E be represented 
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by _^ (since the distances of D and' E from B are 
respectively 9 and 11). Hence, if the two equal 
lumps, D and E, were collected at the centre, their 

attraction on B would be jqq + j^ = -^ = 0*02. In 
the positions D and E, the sum of their attrac- 
tions on B is gj + £21 = 0-0206100. The difference 

is 0*0006100, by which the attraction in the latter case 
is the greater. Consequently, the attraction of the 
lumps in the positions D and E is greater than if they 
were collected at the centre by nearly -y%-o^^ ^^ ^^®ir 
whole attraction; but the attraction of the whole 
sphere is the same as if all the matter of the sphere 
were collected at the centre; therefore, when these 
parts are removed, they must leave a mass, whose 
attraction is less than if its whole matter were col- 
lected in the centre. With regard to the alteration 
depending on the distance of B, it would be found, on 
trial, to follow the same law as before. 

(234.) The attraction of a spheroid on a body in the 
direction of its axis, may, therefore, be represented, by 
supposing the whole matter collected at the centre, and 
then supposing the attraction to be diminished by 
a force depending on the oblateness, whose proportion 
to the whole force diminishes as the square of the 
distance of the body is increased. 

(235.) Since the attraction on a body, in the plane 
of the equator, is greater than if the mass of the 
spheroid were collected at its centre, and the attrac- 
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tion on a body in the direction of the axis is less, it will 
readily be understood, that in taking directions, succes- 
sively more and more inclined to the equator, on both 
sides, the attraction successively diminishes. And 
there is one inclination, at which the attraction is 
exactly the same as if the whole mass of the spheroid 
were collected at its centre. 

(236.) Now, suppose that a satellite revolves in an 
orbit, which coincides with the plane of the equator, or 
makes a small angle with it ; what will be the nature 
of its orbit ? For this investigation we have only to 
consider, that there is acting upon the satellite a force, 
the same as if all the matter of the spheroid were col- 
lected at its centre, and, consequently, proportional 
inversely to the square of the distance, and that, with 
this force only, the satellite would move in an ellipse, 
whose focus coincided with the centre of the spheroid. 
But besides this, there is a force always directed to the 
centre, depending on the oblateness. One effect of it 
will be, that the periodic time will be shorter with the 
same mean distance, or the mean distance greater with 
the same periodic time, than if the former were the 
only force (46.). Another effect will be, that when 
the satellite is at its greatest distance, this force will 
cause the line of apses to regress, and when at its 
smallest distance, this force will cause the line of apses 
to progress (50.) and (53.). If this force, at different 
distances, were in the same proportion as the other 
attractive force, it would, on the whole, cause no 
alteration in the position of the line of apses (for it 
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would amount to the same as increasing the central 
mass in a certain proportion, in which case an ellipse, 
with invariable line of apses, would be described ; that 
is, the regression at the greatest distance would be 
equal to the progression at the least distance. See tJie 
note to (98.) ). But (231.) the proportion of this force 
to the other diminishes as the distance is increased. 
Consequently, the regression at the greatest distance is 
less than the progression at the least distance, and, 
therefore, on the whole, the line of apses progresses. 
Also, the nearer the satellite is to the planet, the 
greater is the proportion of this force to the other 
attraction; and, therefore, the more rapid is the pro- 
gression of the line of apses at every revolution. Tl^e 
progression of the line of apses of the moon's orbit, 
produced by the earth's oblateness, is so small in 
comparison with that produced by the sun's disturbing 
force, that it can hardly be discovered; but the pro- 
gression of the lines of apses in the orbits of Jupiter's 
satellites, produced by the oblateness of Jupiter, is so 
rapid, especially for the nearest satellites, that the part 
produced by the sun's disturbing force is small in 
comparison with it. 

(237.) We shall now proceed with the investigation 
of the disturbances in a satellite's latitude, produced by 
the oblateness of a planet. 

(238.) First, It is evident that if the satellite's orbit 
coincides with the plane of the planet's equator, there 
will be no force tending to pull it up or down from 
that plane ; and, therefore, it will continue to revolve in 
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that plane. In this case, then, there is no disturbance 
in latitude ; we must, therefore, in the following inves- 
tigation, suppose the orbit inclined to the plane of the 
equator. 

In fig. 50, then, let us consider (as before) the effect 
of the attractions of the two lumps at D and E, in 
pidling the satellite B perpendicularly to the line A B. 



Fig. 50, 




Now D is nearer to B than E is ; also the line D B is 
more inclined than E B to A B. If the attraction of D 
alone acted, it would in a certain time draw the 
satellite to d; and fd would be the part of the motion 
of B, which is perpendicular to A B ; and tliis motion 
is upwards. In like manner, if the attraction of E 
alone drew B to e in the same time, g e would be the 
motion perpendicular to A B, and this motion is down- 
wards. When both attractions act, these effects are 
combined ; the question then is, which is greater, fd 
OT ge? Now, since D is nearer than E, the attraction 
of D is greater than that of E, therefore Bd is greater 
than Be; also B d is more inclined than Be to B A ; 
therefore df is much greater than ge. Hence, the 
force which tends to draw B upwards is the prepon- 
derating force ; and therefore, on the whole, the com- 
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bined attractions of D and E will tend to draw the 
satellite upwards from the line BA. But the attrac- 
tion of the whole sphere would tend to draw it along 
the line B A. Therefore, when D and E are removed, 
the attraction of the remaining mass (that is, the 
oblate spheroid) will tend to draw B below the line 
B A, In estimating the attraction of an oblate sphe- 
roid, therefore, we must consider, that besides the force 
directed to the centre of the spheroid, there is always 
a force perpendicular to the radius vector directed 
towards the plane of the equator, or tending to draw 
a satellite from the plane of its orbit towards the plane 
of the planet's equator. If the satellite is near to the 
planet, the inequality of the proportion of the distances 
DB and EB is increased, and the inequality of the 
inclinations to B A is also increased; and the dis- 
turbance is, therefore, much greater for a near satellite 
than for a distant one. 

(239.) We have seen (215.) the efifect of this dis- 
turbing force in determining the fundamental planes 
of the orbits of Jupiter's satellites. And from (192.), 
&c., we can infer, at once, that this force will cause the 
line of nodes to regress, if the orbit is inclined to 
the fundamental plane, and the more rapidly as the 
satellite is nearer to the planet. If there were no 
other disturbing force, the inclination of those orbits 
to the plane of Jupiter's equator would be invariable, 
and their nodes would regress with different velocities, 
those of the near satellites regressing the quicker. In 
point of fact, the circumstances of the inner satellites 
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axe very nearly the same as if no other disturbing force 
existed, so great is the efifect produced by Jupiter's 
oblateness. 

(240.) The figure of Saturn, including in our con- 
sideration the ring which surrounds him, is different 
from that of Jupiter; but the same principles will 
apply to the general explanation of its effects on the 
motion of its satellites. The body of Saturn is oblate, 
and the forces which it produces are exactly similar to 
those produced by Jupiter. The effect of the ring may 
be thus conceived : — If we inscribe a spherical surface 
in an oblate spheroid, touching its surface at the two 
poles, the spheroid will be divided into two parts ; 
a sphere whose attraction is the same as if all its 
matter were collected at its centre, and an equatorial 
protuberance analogous in form to a ring. The whole 
irregularity in the attraction of the spheroid is evi- 
dently due to the attraction of this ring-like protu- 
berance, since there is no such irregularity in the 
attraction of the sphere. We infer, therefore, that the 
irregularity in the attraction of a ring is of the same 
kind as the irregularity in the attraction of a spheroid, 
but that it bears a much greater proportion to the 
whole attraction for the ring than for the spheroid, 
since the ring produces all the irregularity without the 
whole attraction. Now, the plane of Saturn*s ring 
coincides with the plane of Saturn's equator, so that 
the effect of the body and ring together is found by 
simply adding effects of the same kind, and is the 
same as if Saturn were very oblate. The rate of 
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progression of the perisatumium of any satellite, and 
the rate of regression of its node, will, therefore, be 
rapid. In other respects, it is probable, that the theory 
of these satellites would be very simple, since all 
(except the sixth) appear to be very small, and the 
sun's disturbing force is too small to produce any 
sensible effects. 

(241.) The satellites of Saturn, except the sixth, have 
been observed so little, that no materials exist upon 
which a theory can be founded. A careful series of 
observations on the sixth satellite has lately been made 
by Bessel, from which, by comparing the observed 
progress of the perisatumium and regression of the * 
node, with those calculated on an assumed mass of the 
ring, the real mass of the ring has been found. It 
appears, thus, that the mass of the ring (supposing the 
whole effect due to the ring) is about ttt^I^ ^^ ^^^ mass 
of the planet. 

(242.) The effect of the earth's oblateness in in- 
creasing the rapidity of regression of the moon's nodes 
is so small, that it cannot be discovered from observa- 
tion. But the effect on the position of the fundamental 
plane is discoverable. We have seen (204.) that the 
moon's line of nodes regresses completely round in 19 J 
years. The plane of the earth's equator is inclined 23 J° 
to the earth's orbit, and the line of intersection alters 
very slowly. At some time, therefore, the line of nodes 
coincides with the intersection of the plane of the 
earth's equator and the plane of the earth's orbit, so 
that the plane of the moon's orbit lies between those 
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two planes ; and 9 J years later, the line of nodes again 
coincides with the same line, but the orbit is inclined 
the other way, so that the plane of the moon's orbit is 
more inclined than the plane of the earth's orbit to the 
plane of the earth's equator. Now it is found, that in 
the former case the inclination of the moon's orbit to 
the earth's orbit is greater than in the latter by about 
16", and this shows, that the plane to which the incli- 
nation has been uniform, is neither the plane of the 
earth's equator, nor that of the earth's orbit, but makes 
with the latter an angle of about 8", and is inclined 
towards the former. 

(243.) There is another effect of the earth's oblate- 
ness (the only other effect on the moon which is sen- 
sible) that deserves notice. The inclination of the 
moon's orbit to the earth's orbit is less than 5°, and the 
inclination of the earth's equator to the earth's orbit is 
23i°. Consequently, when the moon's orbit lies between 
these two planes, the inclination of the moon's orbit to 
the earth's equator is about 19° ; and when the line of 
nodes is again in the samg position, but the orbit is 
inclined the other way, the inclination of the moon's 
orbit to the earth's equator is about 28°. At the latter 
time, therefore, in consequence of the earth's oblateness, 
the moon, when farthest from its node, will, by (235.), 
experience a smaller attraction to the earth than at the 
former time when farthest from its node. When in the 
line of nodes, the attractions in the two cases will be 
equal. On the whole, therefore, the attraction to the 
earth will be less at the latter time than at the former. 
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For the period of 9| years, therefore, the earth's attrac- 
tion on the moon is gradually diminished, and then is 
gradually increased for the same time. The moon's 
orbit (47.) becomes gradually larger in the first of these 
times, and smaller in the second. The change is very 
minute, but, as explained in (49.), the alteration in the 
longitude may be sensible. It is found by observa- 
tion to amount to about 8", by which the moon is 
sometimes before her mean place, and sometimes be- 
hind it. If the earth's flattening at each pole were 
more or less than -g-^th of the semi-diameter, the effects 
on the moon, both in altering the position of the funda- 
mental plane, and in producing this inequality in the 
longitude, would be greater or less than the quantities 
that we have mentioned ; and thus we are led to the 
very remarkable conclusion, that by observing the moon 
we can discover the amoimt of the earth's oblateness, 
supposing the theory to be true. This has been done ; 
and the agreement of the result thus obtained, with 
that obtained from direct measures of the earth, is one 
of the most striking proofs of the correctness of the 
Theory of Universal Gravitation. 



THE END. 
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MATHEMATICS. 

(i) Arithmfetic, (2) Algebra, (3) Euclid and Ele- 
mentary Geometry, (4) Mensuration, (5) Higher 
Mathematics. 

ARITHMETIC. 

Aldis.— THE GIANT ARITHMOS. A most Elementary Arith- 
metic for Children. By Mary Steadman Aldis. With 
Illustrations. Globe 8vo. 2s, td. 

Brook- Smith (J.).— arithmetic IN THEORY AND 
PRACTICE. Bv J. Brook-Smith, M.A., LL.B., St. John's 
College, Cambridge; Barrister-at-Law ; one of the Masters of 
Cheltenham College. New Edition, revised. Crown 8vo. \5, 6d, 

Candler.— HELP TO arithmetic. Designed for the use of 
Schools. By H. Candler, M.A., Mathematical Master of 
Uppingham SchooL Extra fcap. 8vo. 2x. 6d, 

Dalton.— RULES and examples in ARITHMETIC. By 
the Rev. T. Dalton, M.A., Assistant-Master of Eton Collie. 
New Edition. i8mo. 2s, 6d, 

[Answers to the Examples are appended, 

Pedley.— EXERCISES in arithmetic for the Use of 
Schools. Containing; more than 7,000 original Examples. By 
S. Pedlky, late of Tamworth Grammar SchooL Crown 8vo. 51. 

Smith. — Works by the Rev. Barnard Smith, M.A., late Rector 
of Glaston, Rutland, and Fellow and Senior Bursar of S. Peter's 
College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and Appli- 
cation ; with namerous systematically arranged Examples taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for the B.A. Degree. New Edition, 
carefully Revised. Crown 8vo. lOf. 6d, 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8va 

41. 6d, 
A KEY TO THE ARITHMETIC FOR SCHOOLS. New 

Edition. Crown 8vo. Zs, 6d, 
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Smith. — Works by the Rev. Barnard Smith, M.A. {conHnueti)-^ 

EXERCISES IN ARITHMETIC. Crown 8vo, limp cloth, 2j. 
With Answers, 2s, 6d, 

Answers separately, 6J, 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo, cloth, y. 
Or sold separately, in Three Parts, is. each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. 
Parts I., II., and III., 2s, 6d, each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL 
AND ELEMENTARY SCHOOLS. i8mo, clotli. Or sepa- 
rately, Part I. 2d, ; Part II. yi, ; Part III. ^d, Answers. 6d. 

THE SAME, with Answers complete. i8mo, cloth, is, 6d, 

KEY TO SHILLING BOOK OF ARITHMETIC. i8mo. 41. 6d, 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. is, 6d, 
The same, with Answers, i8mo, 2s, Answers, 6</. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
i8mo. 41. 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRIN- 
CIPLES AND APPLICATIONS, with numerous Examples, 
written expressly for Standard V, in National Schools. New 
Edition. i8mo, cloth, sewed, yi, 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. 
by 34 in. on Roller, mounted and varnished. New Edition. 
Price y, 6d, 

Also a Small Chart on a Card, price id, 

EASY LESSONS IN ARITHMETIC, combining Exercises in 
Reading, Writing, Spelling, and Dictation. Part I. for Standard 
I. in National Sdiools. Crown 8vo. pdT. 

EXAMINATION CARDS IN ARITHMETIC. (Dedicated to 
Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, is. Standards III., IV., and V., in 
boxes, is. each. Standard VI. in Two Parts, in boxes, is, each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copjring, and the colours of the A and B papers differ in each 
Standard, and from those of every other Standard, so that a master 
or mistress can see at a glance whether the children have the proper 
papers. 



MATHEMATICS. 



ALGEBRA. 

Dalton.— RULES AND EXAMPLES IN ALGEBRA. By the 
Rev. T. Dalton, M.A., Assistant-Master of Eton College. 
Part I. New Edition. i8mo. 2x. Part II. i8mo. 2s, 6d, 

Jones and Cheyne. — ^ALGEBRAICAL EXERCISES. Pro- 
gressively Arranged. By the Rev. C. A. Jones, M.A., and C. 
H. Cheyne, M.A., F.R.A.S., Matheinatical Masters of West- 
minster School. New Edition. i8mo. 2s, 6d, 

Smith. — ARITHMETIC AND ALGEBRA, in then- Principles 
and Application ; with numerous systematically arrangfed Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. By 
the Rev. Barnard Smith, M. A., late Rector of Glaston, Rutland, 
and Fellow and Senior Bursar of St. Peter*s College, Cambridge. 
New Edition, carefully Revised. Crown 8vo. los, 6d. 

Todhunter. — Works by L Todhunter, M.A., F.R.S., D.Sc, 

late of St. John's College, Cambridge. 

" Mr. Todhunter is chiefly known to Students of Mathematics as the author of a 
series ot admirable mathematical text-books, which possess the rare qualities of being 
clear in style and absolutely free from mistakes, typographical or other." — Saturday 
Review. 

ALGEBRA FOR BEGINNERS. With numerous Example.. 
New Edition. i8mo. 2s. 6d. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 6s. ed. 

ALGEBRA. For the Use of Colleges and Schools. New Edition. 
Crown 8vo. ^s. 6d, 

KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 
SCHOOLS. Crown 8vo. los, 6d, 



EUCLID & ELEMENTARY GEOMETRY. 

Constable. — geometrical exercises for be- 
ginners. By Samuel Constable. Crown 8vo. 35. 6d, 

Cuthbertson. — EUCLIDIAN GEOMETRY. By Francis 
CUTHBERTSON, M.A., LL.D., Head Mathematical Master of the 
City of London School. Extra fca;). 8vo. 4;. 6d. 
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DodgSOn.-— EUCLID. BOOKS I. and II. Edited by Charles 
L. DoDGSON, M.A., Student and late Mathematical Lecturer of 
Christ Church, Oxford. Second Eldition, with words substituted 
for the Algebraical Symbols used in the First Edition. Crown 
8vo. 2J. 

*•* The text of this Edition has been ascertained, by counting the words, to be 
Uss than five-sevenths of that contained in the ordinary editions. 

Kitchener.— A GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the use of SchooS. By F. E. Kitchener, 
M.A., Mathematical Master at Rugby. I{ew Edition. 4to. 2s, 

Mault— NATURAL GEOMETRY: an Introduction to the 
Logical * Study of Mathematics. For Schools and Technical 
Classes. With Explanatory Models, btfied upon the Tachy- 
metrical works of Ed. Lagout. By A. Mault. i8mo. is. 
Models to Illustrate the above, in Box, 12/. 6d, 

Syllabus of Plane Geometry (corresponding to Euclid, 

Books I. — VI.). Prepared by the Association for the Improve- 
ment of Geometrical Teaching. New Edition. Crown 8vo. is, 

Todhunter.— THE elements of EUCLID. For the Use 
of Colleges and Schools. By I. Todhunter, M.A., F.R.S., D.Sc, 
of St. John's College, Cambridge. New Edition. i8mo. 3^. fidT. 

KEY TO EXERCISES IN EUCLID. Crown 8vo. 6s. 6d. 

Wilson (J. M.).— ELEMENTARY GEOMETRY. BOOKS 
I. — V. Containing the Subjects of Euclid's first Six Books. Fol- 
lowing the Syllabus of the Geometrical Association. By the Rev. 
J. M. Wilson, M.A., Head Master of Clifton Coll^^. New 
Edition. Extra fcap. 8vo. 4r. 6d, 



MENSURATION. 

Tebay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
With numerous examples. By Septimus Tebay, B.A., Head 
Master of Queen Elizabeth's Grammar School^ Rivington. Extra 
fcap. 8vo. 3^. (>d. 

Todhunter.— MENSURATION FOR BEGINNERS. By L 
Todhunter, M.A., F.R.S., D.Sc, late of St. John's College^ 
Cambridge. With Examples. New Edition. 'i8mo. 2s,6d, 
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HIGHER MATHEMATICS. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Aslronoiner- 
Royal :— 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Second Edition. Crown 8vo. $s, 6^. 

ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBI- 
NATION OF OBSERVATIONS. Second Edition, revised. 
Crown 8vo. 6s. 6d, 

Alexander (T.). — ^elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Elemen- 
tary Mathematics. By T. Alexander, C.E., Professor of Civil 
Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 4J'. 6d, 

Alexander and Thomson. — elementary applied 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part II. Trans- 
verse Stress. Crown 8vo. loj. 6d, 

Bayma the elements of molecular mechanics. 

By Joseph Bayma, S.J., Professor of Philosophy, Stony hurst 
College. Demy 8vo. lor. 6a'. 

Beasley. — an elementary treatise on plane 

TRIGONOMETRY. With Examples. By R. D. Beasley, 
M.A. Eighth Edition, revised and enlarged. Crown 8vo. 31. 6/ 

Blackburn (Hugh).— elements of plane trigo- 
nometry, for the use of the Junior Class in Mathematics in 
the University of Glasgow. By Hugh Blackburn, M.A., late 
Professor of Mathematics in the University of Glasgow. Globe 
8vo. i^. 6d, 

Boole. — Works by G. Boole, D.C.L., F.R.S., late Professor of 
Mathematics in the Queen's University, Ireland. 

A treatise on differential equations. Third 
and Revised Edition. Edited by I. Todhunter. Crown 8vo. 
I4J. 
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Boole. — Works by G. Boole, D.C.L., Slc, {continued)— 
A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 
plementary Volume, Edited by I. Todhunter. Crown 8vo. 

THE CALCULUS OF FINITE DIFFERENCES. Third 
Edition, revised by J. F. Moulton. Crown 8vo. loj. 6d, 

Cambridge Senate-House Problems and Riders, 

with Solutions: — 
1875— PROBLEMS AND RIDERS. By A. G. Greenhill, 

M. A. Crown 8vo. 8/. 6d. 
1878— SOLUTIONS OF SENATE-HOUSE PROBLEMS. By 

the Mathematical Moderators and Examiners. Edited by J. W. L. 

Glaisher, M.A., Fellow of Trinity College, Cambridge. 12s, 

Cheyne.— AN ELEMENTARY TREATISE ON THE PLAN- 
ETARY THEORY. By C. H. H. Cheyne, M.A., F.R.A.S. 
With a Collection of Problems. Third Edition. Edited by Rev. 
A. Freeman, M.A., F.R.A.S. Crown 8vo. ^s, 6d, 

Christie.— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Horner's Method. By James 
R. Christie, F.R.S., Royal Military Academy, Woolwich. 
Crown 8vo. 8/. 6d, 

Clausius.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. los, 6d, 

Clifford. — THE ELEMENTS OF DYNAMIC. An Introduction 
to the Study of Motion and Rest in Solid and Fluid Bodies. By W. 
K. Clifford, F.R.S., late Professor of Applied Mathematics and 
Mechanics at University College, London. Part I. — KINEMATIC. 
Crown 8vo. Js, 6d. 

Cotterill.— A treatise on applied mechanics. By 

James Cotterill, M.A., F,R.S., Professor of Applied Mechanics 
at the Royal Naval College, Greenwich. With Illustrations. 8vo. 

[In the press. 

Day.— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I. THE ELLIPSE. With Prob- 
lems. By the Rev. H. G. Day, M.A. 8vo. 31. 6df. 

Day (R. E.)— electric light arithmetic. By R. E. 

Day, M.A., Evenin^r Lecturer in Experimental Physics at King's 
College, London. Pott 8vo. 2s, 
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Drew. — GEOMETRICAL TREATISE ON CONIC SECTIONS. 
By W. H. Drew, M.A., St. John's College, Cambridge. New 
Edition, enlarged. Crown 8vo. 51. 
SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 
SECTIONS. Crown 8vo. 4s. 6d, 

Dyer.— EXERCISES in analytical geometry. Com. 

Siled and arranged by J. M. Dyer, M.A., Senior Mathematical 
laster in the Classical Department of Cheltenham College. With 
Illustrations. Crown 8vo. 4^. 6d, 

Edgar (J. H.) and Pritchard (G. S.).— notebook ON 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechanical Drawing at the Royal School of 
Mines, and G. S. Pritchard. Fourth Edition, revised by 
Arthur Meeze. Globe 8vo. 4?. 6d, 

Ferrers. — Works by the Rev. N. M. Ferrers, M. A., Fellow and 
Mastei of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Polars, and the Theory 
of Projectors. New Edition, revised. Crown 8vo. 65, 6ti, 

AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITH THEM. 
Crown 8vo. 7^. 6d, 

Frost. — Works by Percival Frost, M. A., D.Sc, formerly Fellow 
of St. John's College, Cambridge ; Mathematical Lecturer at 
King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. By 

Percival Frost, M.A. 8vo. 12s, 
SOLID GEOMETRY. A New Edition, revised and enlarged, of 
the Treatise by Frost and Wolstenholme. In 2 Vols. Vol. I. 
8vo. idr. 

Hemming.— AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
FeUow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. gs. 

Jackson. — GEOMETRICAL CONIC SECTIONS. An Ele- 
mentary Treatise in which the Conic Sections are defined as the 
Plane Sections of a Cone, and treated by the Method of Pro- 
jection. By J. Stuart Jackson, M.A., late Fellow of Gonville 
and Caius College, Cambridge. Crown 8vo. 4J. 6d. 
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Jellet (John H.).— a treatise on the theory of 

FRICTION. By John H. Jellet, B.D., Provost of Trinity 
College, Dublin; President of the Royal Irish Academy. 8vo. 
&. 6^. 

Johnson.— INTEGRAL CALCULUS, an Elementary Treatise 
on the ; Founded on the Method of Rates or Fluxions. By 
William Woolsey Johnson, Professor of Mathematics at the 
United States Naval Academy, Annopolis, Maryland. Demy 
8vo. Ss, 

Kelland and Tait.— introduction to quater- 
nions, with numerous examples. By P. Kelland, M.A., 
F.R.S., and P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinburgh. Second Edition. 
Crown 8vo. *js. 6d. 

Kempe.- ow to draw a straight LINE: a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown Svo. 
IS. 6d, {Nature Series,) 

Lock. — ELEMENTARY TRIGONOMETRY. By Rev. J. B. 

Lock, M.A., Senior Fellow, Assistant Tutor and Lecturer in 

Mathematics, of Gonville and Caius College, Cambridge; late 

Assistant-Master at Eton. Globe Svo. 41. dd, 
HIGHER TRIGONOMETRY. By the same Author. Globe Svo. 

3J. 6d. 

Both Parts complete in One Volume. Globe Svo. 7j. dd, 
Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 

1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 

in Harrow School. Globe Svo. 5^. 

Merriman. — elements of the method of least 

SQUARE. By Mansfield Merriman, Ph.D., Professor of 
Civil and Mechanical Engineering, Lehigh University, Bethlehem, 
Penn. Crown Svo. *js. 6d, 

Morgan. — a collection of problems and ex- 
amples IN mathematics. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown Svo. 6s. 6d, 

Millar. — ^elements of descriptive geometry. By 

J. B. Millar, C.E., Assistant Lecturer in Engineering in Owens 
College, Manchester. Crown Svo. 6s. 

Muir. — A treatise on the theory of determi- 
nants. With graduated sets of Examples. For use in 
Colleges and Schools. By Thos. Muir, M.A., F.R.S.E., 
Mathematical Master in the High School of Glasgow. Crown 
Svo. ^s, 6d, 
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Parkinson.— AN elementary treatise on me- 
chanics. For the Use of the Junior Classes at the University 
and the Higher Classes in Schools. By S. Parkinson, D.D., 
F.R.S., Tutor and Frselector of St. John's College, Cambridge. 
With a Collection of Examples. Sixth Edition, revised. Crown 
8vo. gs. 6d, 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. New Edition. Crown 8vo» 

Pirie.— LESSONS ON RIGID DYNAMICS. By the Rev. G. 
FiRiE, M.A., late Fellow and Tutor of Queen's College, Cam- 
bridge ; Prfl£ssor of Mathematics in the University of Aberdeen. 
Crown 8vo. 6s, 

Price and Johnson — differential calculus, an 

Elementary Treatise on the ; Founded on the Method of Rates or 
Fluxions. By John Minot Price, Professor of Mathematics in 
the United States Navy, and William Woolsey Johnson, Pro- 
fessor of Mathematics at the United States Naval Academy, 
Third Edition, Revised and Corrected. Demy 8vo. i6j. 
Abridged Edition, 8j. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. PuCKLE, M.A. New Edition, 
revised and enlarged. Crown 8vo. *js. dd, 

RaWlinson. — ELEMENTARY STATICS. By the Rev. George 
Rawlinson, M. a. Edited by the Rev. Edward Sturges, M.A. 
Crown 8vo. 4j. 6d, 

Reynolds.— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3^. 6^. 

Reuleaux.— THE kinematics of machinery. Out- 

lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8vo. 2ls, 

Robinson.— TREATISE ON MARINE SURVEYING. Pre- 
pared for the use of younger Naval Officers. With Questions for 
Examinations and Exercises principally from the Papers of the 
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Robin son^r^M/iMfiAif) — 

Royal Naval College. With the results. By Rev. John L. 
Robinson, Chaplain and Instractor in the Royal Naval College, 
Greenwich. With Illustrations. Crown 8vo. ^s, 6d. 
Contents. — Symbols used in Charts and Sunreyingf—The Construction and Use 
of Scales — Laying off Angles— Fixing Positions by Angles — Charts and Chart- 
Drawing — Instruments and Observing — Base Lines— Triangulation — Levelliog— 
Tides and Tidal ^ Observations— Soundings — Chronometers — Meridian Distances 
— Method of Plotting a Survey— Miscellaneous Exercises— Index. 

Routh. — Works by Edward John Routh, M. A., F.R.S., D.Sc, 
late Fellow and Assistant Tutor at St. Peter's College, Cambridge ; 
Examiner in the University of London. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID BODIES. With numerous Example?. Fourth and 
enlarged Edition. Two Vols. Vol. I. — Elementary Parts. 8vo. 
i^r. Vol.11. — The Higher Parts. 8vo. [In the press. 

STABILITY OF A GIVEN STATE OF MOTION, PAR- 
TICULARLY STEADY MOTION. Adams' Prize Essay for 
1877. 8vo. 8j. 6d, 

Smith (C.).--CONIC SECTIONS. By Charles Smith, M.A., 
Fellow and Tutor of Sidney Sussex College, Cambridge. Second 
Edition. Crown 8vo. *js, 6d, 

Snowball. — the elements of plane and spheri- 
cal TRIGONOMETRY ; with the ConsU-uction and Use of 
Tables of Logarithms. By J. C. Snowball, M.A. New Edition. 
Crown 8vo. ^s, 6d, 

Tait and Steele. — a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown 8vo. I2s. 

Thomson,— A TREATISE on the MOTION OF VORTEX 
RINGS. An Essay to which the Adams Prize was adjudged in 
1882 in the University of Cambridge. By J. J. Thomson, Fellow 
and Assistant Lecturer of Trinity College, Cambridge. With 
Diagrams. 8vo. 6j. 

Todhunter. — Works by I. Todhunter, M.A., F.R.S., D.Sc., 

late of St. John's College, Cambridge. 

*' Mr. Todhunter is chiefly known to students of Mathematics as the author of a 
series of admirable mathematical text-books, which possess the rare qualities of being 
clear in style and abs3lutely free from mistakes, typographical and other.*' — 
Saturday Review. 

TRIGONOMETRY FOR BEGINNERS. With numerous 

Example's. New Edition, i8mo. 2s. 6d. 
KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8va 

8j. 6d, 
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Todhunter. — Works by I. Todhunter, M.A., &c. {eontintud)— 
MECHANICS FOR BEGINNERS. With numftrous Esampls!. 

New Edition. iSmo. 41. 6d. 
KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 

6j. &/. 
AN ELEMENTARY TREATISE ON THE THEORY OF 

EQUATIONS. New Edition, reviseJ. CiownSvo. ^s.6d. 
PLANE TRIGONOMETRY. For Scliools and ColIcEea, New 

Edition, Crown 8vo, 5*. 
KEY TO PLANE TRIGONOMETRY. Crown Svo. 101. &/. 
A TREATISE ON SPHERICAL TRIGONOMETRY, New 

Edition, enlarged. Crown Svo. 4J. dii. 
PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 

Line and the Conic Sections. With numerous Examples. New 

Edition, revised and enlarged. Crown Ero. ^!. 6d. 
. A TREATISE ON THE DIFFERENTIAL CALCULUS. With 

nnmeroU5 Enaaiples. New Edition. Cro«'n Svo. lOr. 6rf. 
A TREATISE ON THE INTEGRAL CALCULUS AND ITS 

APPLICATIONS. With numerous Examples. New Edition, 

rerised and enlarged. Crown Svo. lot. 61/. 
EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 

DIMENSIONS. New Edition, revised. Crown Svo. 4J. 
A TREATISE ON ANALYTICAL STATICS. With numerous 

Example!). New Edition, revised and enlarged. Crown Svo. 

101. 6J. 
A HISTORY OF THE MATHEMATICAL THEORY OF 

PROBABILITY, from the time of Pascnl to that of Laplace. 

Svo. 18/. 
RESEARCHES IN THE CALCULUS OF VARIATIONS. 

principally on the Theory of Di^ continuous Solutions; an Eissay to 

which the Adams' Prize was awarded in the University of Cam- 
bridge in 1B71. Svo. 6j. 
A HISTORY OF THE MATHEMATICAL THEORIES OF 

ATTRACTION, AND THE FIGURE OF THE EARTH, 

from the lime of Newton to that of Laplace, z vols. Svo. 241. 
AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 

AND BESSEL'S FUNCTIONS. Crown Svo. loi. &/. 

Wilson (J. M.).— SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices on Transversalsand Harmonic Division. 
For the Use of Schools. By Rev. J. M. WiLSON, M.A. Head 
Uutcf of CUfton College. New Edition. Extra fcap. Svo. y. 6^. 
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Wilson.— GRADUATED EXERCISES IN PIANE TRI- 
GONOMETRY. Compiled and arranged by T. Wilson, M.A., 
and S. R. Wilson, B.A. Crown 8vo. 4f. (m, 

" The exercises seem beautifully graduated and adapted to lead a student on most 
gently and pleasantly."~£. J. Routh, F.R.S., St Petei^s CoUege, Cambridg*. 

(See also Elementary Geometry,) 

Wilson (W. P.).— A TREATISE ON DYNAMICS. By W. 

P. Wilson, M. A., Fellow of St. John's College, Cambridge, and 
Professor of Mathematics in Queen's College, Belfast, 8to. 

Woolwich Mathematical Papers, for Admission into 

the Royal Military Academy, Woolwich, l88o — 1883 inclushre. 
Crown 8vo. 3J, 6d. 

Wolstenholme.— MATHEMATICAL problems, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc, late 
Fellow of Christ's College, sometime Fellow of St. John's College, 
and Professor of Mathematics in the Royal Indian Engineering 
Collie. New Edition, greatly enlarged. 8va i8j. 
examples for PRACTICE in THE USE OF SEVEN- 
FIGURE LOGARITHMS. By the same Author. \Inpr^paratmn, 



SCIENCE. 

(i) Natural Philosophy, (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geography and Geology, (8) 
Agriculture, (9) Political Economy, (zo) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astronomer- 
Royal : — 

UNDULATORY THEORY OF OPTICS. Designed for the Use 
of Students in the University. New Edition. Crown 8va df. W. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo. gj. 

A TREATISE ON MAGNETISM. Designed for the Use of 
Students in the University. Crown 8vo. gi, 6d, 
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Airy (Osmond).— a TREATISE ON GEOMETRICAL 

OPTICS. Adapted for the Use of the Higher Classes in Schools. 
By Osmund Airy, B.A., one of the Mathematical Masters in 
Wellington College. Extra fcap. 8vo. 31. 6d. 

Alexander (T.).— elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principle by means of Ele- 
mentary Mathematics. By T. Alexander, C.E., Professor of 
Civil Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown ovo. Part I. 45. dd, 

Alexander — Thomson. — elementary applied 

mechanics. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part II. Trans- 
verse Stress ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
• moment and shearing force during the transit of any set of loads 
fixed relatively to one another — ^.^., the wheels of a locomotive ; 
continuous beams, &c., &c. Crown 8vo. lOf. td, 

Awdry.— EASY LESSONS ON LIGHT. By Mrs. W. Awdry. 
Illustrated. Extra fcap. Svo. zs, 6d, 

Ball (R. S.). — ^EXPERIMENTAL MECHANICS. A Course of 
Lectures delivered at the Royal Collie of Science for Ireland. 
By R. S. Ball, M.A., Professor of Applied Mathematics and 
Mechanics in the Royal College of Science for Ireland. Cheaper 
Issue. Royal 8vo. 10^. 6d, 

Chisholm. — the SCIENCE OF WEIGHING AND 
MEASURING. AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H. W. Chisholm, Warden of the Standards. 
With numerous Illustrations. Crown Svo. 4s. 6d, {Nature Serus.) 

ClausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity Collie, Cambridge. Crown Svo. 10s, (>d, 

Cotterill. — a treatise on applied mechanics. By 

James Cotterill, M.A., F.R.S., Professor of Applied 
Mechanics at the Royal Naval College, Greenwich. With Illus- 
trations. Svo. [In thepreis. 

Gumming.— AN INTRODUCTION TO THE THEORY OF 
ELECTRICITY. By Linnaeus Gumming, M.A., one of the 
Masters of Rugby SchooL With Illustrations. Crown Svo. 
%s. td. 
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Stewart (Balfour).— Works by (continued^^ 

QUESTIONS ON BALFOUR STEWART'S ELEMENTARY 
LESSONS IN PHYSICS. By Prof. Thomas H. Cork, Owens 
College, Manchester. Fcap. 8vo. 2/. 

Stewart—Gee.— PRACTICAL physics, elementary 

LESSONS IN. By Professor Balfour Stewart, F.R.S., and 
W. Haldane Gee. Fcap. 8?o. 

Part I. General Physics. [hTearly ready. 

Part II. Optics, Heat, and Sound. [In preparation. 

Part III. Electricity and Magnetism. \In preparation^ 

Stokes. — ^THE NATURE OF LIGHT. Burnett Lectures, ^y 
Prof. G. G. Stokes, Sec. R.S., etc. Crown 8vo. zs, 6d, 

ON LIGHT. Burnett Lectures. First Course. On the Nature 
OF Light. Delivered in Aberdeen in November 1883. By 
George Gabriel Stokes, M.A., F.R.S., &c. Fellow of Pem- 
broke College, and Lucasian Professor of Mathematics in the 
University of Cambridge. Crown 8vo. 2/. 6d. 

Stone.— AN ELEMENTARY TREATISE ON SOUND. By 
W. H. Stone, M.B. With Illustrations. i8mo. y. 6d, 

Tail — HEAT. By P. G. Tait, M.A., Sec. R.S.E., Formerly 
Fellow of St. Peter's College, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. Crown 8vo. 6s. 

Thompson.— ELEMENTARY LESSONS IN ELECTRICITY 
AND MAGNETISM. By Silvanus P. Thompson. Pro- 
fessor of Experimental Physics in University College, Bristol. 
With Illustrations. Fcap. 8vo. 4J. 6d, 

Thomson. — THE MOTION OF VORTEX RINGS, A 
TREATISE ON. An Essay to whidi the Adams Prize was 
adjudged in 1882 in the University of Cambridge. By J. J. 
Thomson, Fellow and Assistant-Lecturer of Trinity CoU^e, 
Cambridge. With Diagrams. 8vo. 65. 

Todhunter.— NATURAL PHILOSOPHY FOR BEGINNERS. 
By I. Todhunter, M.A., F.R.S., D.Sc. 
Part I. The Properties of Solid and Fluid Bodies. i8mo. y. 6d. 
Part II. Sound, Light, and Heat. i8mo. 3J. 6</. 

Wright (Lewis). — LIGHT ; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN. 
By Lewis Wright. With nearly 200 Engravings and Coloured 
Plates. Crown 8vo. 7f. 6d. 
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ASTRONOMY. 

Airy.— POPULAR astronomy, with Illustrations by Sir 
G. B. Airy, K.C.B., formerly Astronomer-Royal. New Edition. 
l8mo. 41*. 6d, 

Forbes.— TRANSIT of VENUS. By G. Forbes, M.A., 
Professor of Natural Philosophy in the Andersonian Univer.«-Tty, 
Glasgow. Illustrated. Crown 8ro. y. 6d, {Nature Series.) 

Godfray. — Works by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Colleges and 
Schools. New Edition. 8vo. I2J. 6</. 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
Second Edition, revised. Crown Svo. $s, 6d, 

Lockyer. — Works by J. Norman Lockyer, F.R.S. 

PRIMER OF ASTRONOMY. With numerous Illustrations. 
i8mo. is. {Science Primers.) 

ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 
Diagram of the Spectra of the Sun, Stars, and Nebulae, and 
numerous Illustrations. New Edition. Feap. Svo. 5^. 6d, 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By John FoRiks- 
ROfiERTSON. i8mo, cloth limp, is, 6d. 

THE SPECTROSCOPE AND ITS APPLICATIONS. With 
Coloured Plate amd numerous Illustrations. New Edition. Crown 
Svo. y. 6d, 

Newcomb,— POPULAR astronomy. By S. Newcomb, 

LL.D., Professor U.S. Naval Observatory. With II2 Illustrations 

and 5 Maps of the Stars. Second Edition, revised. Svo. its. 

" It is unlike anythiog else of its kind, and will be of more use in circulating a 
knowledge of Astronomy than nine-tenths of the books which have appeared on the 
subject of late years."— Saturday Review. 

CHEMISTRY, 
Fleischer.— A system of volumetric analysis. 

Translated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattison Muir, F.R.S.E. With Illustrations. 
Crown Svo. Ts, 6d, 

c 2 
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Dyer and Vines.— the STRUCTURE of plants. By 

Professor Tuiselton Dyer, F.R.S., assisted by Sydney Vines, 
D.Sc, Fellow and Lecturer of Christ's College, Cambridge, and 
F. O. Bower, M.A., Lecturer in the Normal School of Science. 
With numerous Illustrations. [In preparation-. 

Flower ( W. H.)— AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of the 
Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By Professor W. H. Flower^ F.R.S., 
F.R.C.S. With numerous Illustrations. New Edition, enlarged. 
Crown 8vo. lOr. 6rf. 

Foster. — Works by Michael Foster, M.D., F.R.S., Professor 
of Physiology in the University of Cambridge. 

PRIMER OF PHYSIOLOGY. With mimerous lUnatrations. 
New Edition. i8mo. \s. 

A TEXT-BOOK OF PHYSIOLOGY. With Illustrations. Fourth 
Edition, revised. 8vo. 21/. 

Foster and Balfour.— the ELEMENTS OF embry- 
ology. By Michael Foster, M.A., M.D., LL.D., F.R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S,, Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, mud Walter 
Heape, Demonstrator in the Morphological Laboratoiy of the 
University of Cambridge. With Illustrations. Crown 8vo. icw. 6</. 

Foster and Lrangley.— A COURSE OF ELEMENTARY 

PRACTICAL PHYSIOLOGY. By Prof. Michael Foster, 
M.D., F.R.S., &c., and J. N. Langley, M.A., F.R.S., Fellow 
of Trinity College, Cambridge. Fifth Edition. Crown Sfo. 7^. dd, 

Gamgee.— A textbook of the physiological 

CHEMISTRY OF THE ANIMAL BODY, Inchiding an 
Account of the Chemical Changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Physiology in the Victoria 
University the Owens College, Manchester. 2 Vols. %yo. 
With lUustralion,-. Vol. I. i%s, [Vol. If, tn the press, 

Gegenbaur.— ELEMENTS OF COMPARATIVE ANATOMY. 
By Professor Carl Gegenbaur. A Translation by F. Jeffrey 
Uell, B.A. Revised with Preface by Professor E. Ray Lan* 
kester, F.R.S. With numerous Illustrations. Svo. ifcLr. 
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Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Terms. By Professor AsA Gray, LL.D. 8vo. los, 6d. 

Hooker. — Works by Sir J. D. Hooker, K.C.S.L, C.B., M.D., 

F.R.S., D.C.L. 
PRIMER OF BOTANY. With numerous Illustrations. New 

Edition. i8mo. is, {Science Primers.) 
THE STUDENTS FLORA OF THE BRITISH ISLANDS- 

New Edition, revised. Globe 8vo. los. 6d, 

Huxley. — Works by Professor Huxley, P.R.S. 
INTRODUCTORY PRIMER OF SCIENCE. i8mo. if. 

{Science Primers,) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition. Fcap. 8vo. 4s, 6d, 
QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 

By T. Alcock, M.D. i8mo. is, 6cL 
PRIMER OF ZOOLOGY. i8mo. {Scunce Primers. ) 

{In preparation. 

Huxley and Martin. — a COURSE OF practical in 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, P.R.S., assisted by H. N. Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. 6s, 

Lankester. — Works by Professor E. Ray Lankester, F.R.S. 

A TEXT BOOK OF ZOOLOGY. Crown 8vo. [In preparation, 
DEGENERATION : A CHAPTER IN DARWINISM. Illus- 
trated. Crown 8vo. 2s. 6d. {Nature Series,) 

JLubbock. — Works by Sir John Lubbock, M.P., F.R.S., 
D.C.L. 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With numerous Illustrations. New Edition. Crown 8vo. y. 6d. 
(Nature Series.) 
ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. With numerous Illustrations. New 
Edition. Crown 8vo. 4J. 6d. {Nature Series), 

M'Kendrick.— OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R.S.E. 
With Illustrations. Crown 8vo. 12s. 6d. 

Martin and Moale-— on the dissection of verte- 

BRATE ANIMALS. By Professor H. N. Martin and W. A. 
MOALE. Crown 8vo. [In preparation, 

(See also page 22.) 
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MialL— STUDIES IN COMPARATIVE ANATOMY. 
No. I. — The Sknll of the Crocodile : a Manual for Students. By 

L. C. Ml ALL, Professor of Biologjr in the Yorkshire College and 

Curator of the Leeds Museum. 8vo. 2s. 6d, 
No. II. — Anatomy of the Indian -Elephant. By L. C. Miall and 

F. Greenwood. With Illustrations. 8vo. $/. 

Mivart. — Works by St. George Mivaet, F.R.S. Lecturer in 

Comparative Anatomy at St. Mary's Hospital. 
LESSONS IN ELEMENTARY ANATOMY. With upwards of 

400 Illustrations. Fcap. 8vo. dr. 6</. 
THE COMMON FROG. With numerous Illustrations. Crown 

8vo. ys, 6d, {Nature Series.) 

Muller.— THE FERTILISATION OF FLOWERS. By Pro- 
fessor Hermann Muller. Translated and Edited by D*Arcy 
W. Thompson, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.R S. With numerou* 
Illustrations. Medium 8vo. 21s. 

Oliver. — Works by Daniel Oliver, F.R.S., &c.. Professor of 

Botany in University College, London, &c. 
FIRST BOOK OF INDIAN BOTANY. With numerous lUus- 

trations. Extra fcap. 8vo. dr. 6d, 
LESSONS IN ELEMENTARY BOTANY. With nearly 200 

Illustrations. New Edition. Fcap, 8vo. 4J. 6d, 

Parker.— A COURSE OF INSTRUCTION IN ZOOTOMY 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London, 
Professor of Biology in the University of Otago, New Zealand. 
With Illustrations. Crown 8vo. 8j. d/. 

Parker and Bettany.— the morphology of the 

SKULL. By Professor Parker and G. T. BETfANY. Illas- 
trated. Crown 8vo. loj. 6</. 

Romanes.— THE scientific evidences of organic 

EVOLUTION. By G. J. Romanes, M.A., LL.D., F.R.S., 
Zoological Secretary to the Linnean Society. Crown 8vo. 2s. 6d. 
{Nature Series.) 

Smith. — Works by John Smith, A.L.S., &c. 
A DICTIONARY OF ECONOMIC PLANTS. Their History, 

Products, and Uses. 8vo. 14J'. 
DOMESTIC BOTANY : An Exposition of the Structure and 
Classification of Plants, and their Uses for Food, Clothing, 
Medicine, and Manufacturing Purposes. With lUustrations. New 
Issue. Crown 8vo. 12s, 69*. 



MEDICINE. 

linton.— Works by T. I.aooer BnuNroH, M.D.. Sc.D., 

F.R.C.P., F.R.S., Examiner in Materia Medica inthe Univeivity 

of London, late K:<aminer in Materia Medica in the University of 

Edinburgh, and the Rojal Uollege of Pbysician', London. 

La treatise on materia medica. Svo. [/» lhtp,-es!. 

T'TABLES of materia medica : A Companion to the 

ia Medica Museum. With Illustrations. New Edition 

Enlarged. 8vo, jot. 6d. 

ftamiiton.— A text-book of pathology. By D. j. 

Hamilton, Professor of Pntholt^ical Anatomy (Sir Erasmus 
Wilson Chair). Uuiversity of Aberdeen. 8to, \Jn prefaratiQn. 

legler-MacalistCr.— TEXTBOOK OF PATHOLOGICAI. 
ANATOMY AND PATHOGENESIS. By Professor Ernst 
ZiEGLBR of Tubingen. Translated and Edited for English 
StndentsbyDoNALnMACALlsTER.M.A., M.B., B.Sc.M.R.C.P., 
Felbw and Medical Lecturer of St. jiilin's College, Cambridge. 
Wilh numerous niustrations. Medium Bvo. Fart I.— GENERAL 

I PATHOLOGICAL ANATOMY, ijj. (^d. 
Fatt IL— SPECIAL PATHOLOGICAL ANATOMY. Section* 
I.— vm. 121.6./. tP' ■ 



ANTHROPOLOGY. 

iwer. — FASHION IN DEFORMITY, as Illustrated in the 
Cuitoms of Barbarous and Civilised Races. By Professor 
Floweb, F.R.S., F.R.C.3. With lUuslralions. Crown Bvo. 
2s. GJ. {Naluri Sates). 

—ANTHROPOLOGY. An Inlrodnction In the Stndy of 
and Civilisation. By E. B. Tvloh, D.C.L., F.R.S, Wilh 
lUiisttalions. Crown 8vo. ^s. int. 



PHYSICAL GEOGRAPHY & GEOLOGY. 



Blanford.— THE rudiments OF physical geogra- 
phy FOR the use OF INDIAN SCHOOLS ; with n 
Glossary of Technical Terras employed. By H. F. Bt-AUFOKO, 
P.H.S. New Edition, viith Uluslratioita. Globe 8vo, 21. &/, 
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Geikie. — Works bv ArchiiuU) G^IIUI, F.R.S., Director General 

of the Geological Surveys of the United Kingdom. 
PRIMER OF PHYSICAL GEOGRAPHY. With muneroitt 

Illustrations. New Edition. With Questions, l^oo. ix. 

{Science Primers,) 
ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 

With numerous Illustrations. Fcap. 8vo. 4J. -Sd, 

QUESTIONS ON THE SAME. jj. 6d, 
PRIMER OF GEOLOGY. With numerous Illustrations. New 

Edition. i8mo. i/. {Science Primers.) 
ELEMENTARY LESSONS IN GEOLOGY. With Illustrations. 

Fcap. 8vo. \In preparation. 

TEXT-BOOK OF GEOLOGY. With numerous llhistrations. 

8vo. 28/. 
OUTLINES OF FIELD GEOLOGY. With Illuftrations. New 

Edition. Extra fcap. 8vo. y, dd. 

Huxley.— PHYSIOGRAPHY. An Introdnction to the Stody 
of Nature. By Professor Huxley, P.R.S. With numerous 
Illustrations, and Coloured Plates. New and Cheaper Edition. 
Crown Svo. 6/. 

AGRICULTURE. 

Frankland.— AGRICULTURAL chemical analysis, 

A Handbook of. By Percy Faraday Frankiakd, Ph.D., 
B.Sc, F.C.S., Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricultural Chemistry in the 
Normal School of Science and Royal Sdiool of Mines, South 
Kensington Museum. Founded upon Leitfaden fiir die Agriculture 
Chemische Analyse^ von Dr. F. Krocker. Crown 8ro. 7/. 6^. 

Tanner. — Works by Henry Tanner, F.C.S., M.R.A.C., 

Examiner in the Principles of Agriculture under the Government 
Department of Science ; Director of Education in the Institute of 
Agriculture, South Kensington, Ixmdon ; sometime Professor of 
Agricultural Science, University College, Aberystwith. 
ELEMENTARY LESSONS IN THE SCIENCE OF AGRL 

CULTURAL PRACTICE. Fcap. 8vo. yi. dd. 
FIRST PRINCIPLES OF AGRICULTURE. i8mo. ix. 
THE PRINCIPLES OP AGRICULTURE. A Serici of Reading 
Books for use in Elementary Schools. Prepared by Henry 
Tanner, F.C.S., M.R.A.C. Extra fcap. Svo. 

I. The Alphabet of the Principles of Agriculture. 6</. 
II. Further Steps in the Principles of Agriculture, u. 
III. Elementary School Readings on the Principles of Agriculture 
for the third stage, u. 
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POLITICAL ECONOMY. 

CoSSa.— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. LuiGi CossA, Professor in the University 
of Pavia. Translated from the Second Italian Edition. With a 
Preface by W. Stanley Jevons, F.R.S. Crown 8vo. 4s. (id, 

Fawcett (M'rs.).~Works by Millicent Garrett Favvcett-.— 

POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 
TIONS. Fourth Edition. i8mo. 2j. (id, 
TALES IN POLITICAL ECONOMY. Crown 8vo. 3J. 

Fawcett.— A manual of political economy. By 

Right Hon. Henry Fawcett, M.P., F.R.S. Sixth Edition, 
revised, with a chapter on " Stale Socialism and the Nationalisation 
of the Land," and an Index. Crown Svo. I2J. 

Jevons.— PRIMER OF POLITICAL ECONOMY. By W. 
Stanley Jevons, LL.D., M.A., F.R.S. New Edition. i8mo. 
I^. {S.ience Primfrs,) 

Marshall. — THE ECONOMICS OF INDUSTRY. By A. 
Marshall, M.A., late Principal of University College, Bristol, 
and Mary P. Marshall, late Lecturer at Newnham Hsdl, Cam- 
bridge. Extra fcap. 8vo. zs. 6d» 

Sidgwick. — THE PRINCIPLES OF POLITICAL ECONOMY. 
By Professor Henry Sidgwick, M.A., Prselector in Moral and 
Political Philosophy in Trinity College, Cambridge, &c., Author 
of "The Methods of Ethics." 8vo. i6s. 

Walker. — political economy. By Francis A. Walker, 
M.A., Ph.D., Attthorof "The Wages Question," "Money," 
" Money in its Relation to Trade," &c. 8vo. lor. 6d. 

MENTAL & MORAL PHILOSOPHY. 

Caird. — MORAL PHILOSOPHY, An Elementary Treatise on. 
By Prof. E. Caird, of Glasgow University. Fcap. 8vo. 

[In preparation, 

Calderwood,— HANDBOOK OF MORAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., Professor of Moral 
Philosophy, University of Edinburgh. New Edition. Crown 8vo. 
6j. 

Clifford. — SEEING AND THINKING. By the late Professor 
W. K. Clifford, F.R.S. With Diagrams. Crown 8vo. 3/. 6d. 
(Nature Series,) 
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Jevons. — Works by the tote W. Stanley Jevons, LL.D., M.A., 
F.R.S. 
PRIMER OF LOGIC. New Edition. i8mo. ix. {Science 
Primers.) 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. y, 6d. 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revised Edition. Crown 8vo. 
12S. 6 J, 

STUDIES IN DEDUCTIVE LOGIC. Crown 8vo. 6s. 

Keynes. — formal logic, Studies and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complex Inferences. By John Neville Keynes, IkLA., late 
Fellow of Pembroke College, Cambridge. Crown 8vo. lar. 6d. 

Robertson — elementary lessons in psychology. 

By G. Croom Robertson, Professor of Mental Philosophy, &c.. 
University College, London. \In preparation^ 

Sidgwick. — THE METHODS OF ETHICS. By Professor 
Henry Sidgwick, M.A., Pra;lector in Moral and Pohtical 
Philosophy in Trinity College, Cambridge, &c. Second Edition. 
8vo. I4r. 



HISTORY AND GEOGRAPHY. 

Arnold.— THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CONST AN- 
TINE THE GREAT. By W. T. ARNOLD, B.A. Crown 
8vo. df. 
"Ought to prove a valuable handbook to the student of Roman history." — 

OUARDIAN. 

Beesly.— STORIES from the history of ROME.. 

By Mrs. Beesly. Fcap. 8vo. 2j. (>d, 

*' The attempt appears to us in every way successful. The stories are interesting 
in themselves, and are told with perfect simpHcity and good feeiln^." — Dailv 

News. 

Brook.— FRENCH HISTORY FOR ENGLISH CHILDREN. 
By Sarah Brook. With Coloured Maps. Crown 8vo. dr. 
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Clarke.— CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. 31. 

Freeman.— OLD-ENGLISH history. By Edward A- 
Freeman, D.C.L., LL.D., late Fellow of Trinity College, 
Oxford. With Five Coloured Maps. New Edition. Extra fcap. 
8vo. 6s, 

FyfFe.— A SCHOOL history of GREECE. By C. A. 
Fyffe, M.A., Fellow of University College, Oxford. Crown 
8vo. \In preparation. 

Green. — Works by John Richard Green, M.A., LL.D., 
late Honorary Fellow of Jesus College, Oxford. 

SHORT HISTORY OF THE ENGLISH PEOPLE. With 
Coloured Maps, Genealogical Tables, and Chronological Annals. 
Crown 8vo. 8j. 6d. Ninety-ninth Thousand. 

** Stands alone as the one general history of the country, for the sake of which 
all others, if young and old are wise, will be speedily and surely set aside.*'— 
Academy. 

ANALYSIS OF ENGLISH HISTORY, based on Green's " Short 
History of the English People." By C. W. A. Tait, M.A., 
Assistant-Ma ;ter, Clifton College. Crown 8vo. 3^.6^. 

READINGS FROM ENGLISH HISTORY. Selected anl 

Edited by John Richard Green. Three Parts. Globe 8vo. 

I J. 6d, each. I. Hengist to Cressy. II. Cressy to Cromwell. 

III. Cromwell to Balaklava. 
A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By 

John Richard Green and Alice Stopford Green. With 

Maps. Fcap. 8vo. 3^. M. 

Grove. — a primer of geography. By Sir George 
Grove, D.C.L., F.R.G.S. With Illusnations. i8mo. \s. 
{Science Primers.) 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown 8vo. 6s. 

" It is not too much to assert that this is one of the very best class books of English 
History for young students ever published. "—Scotsman. 

Historical Course for Schools — Edited by Edward a. 

Freeman, D.C.L., late Fellow of Trinity College, Oxford. 

L~GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edward A. Freeman, D.C.L. New Edition, revised and 
enlarged, with Chronological Table, Maps, and Index. i8mo. 
y, 6d, 
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Historical Course for Schools. Continued--- 

II.— HISTORY OF ENGLAND. By Edith Thompson. New 
Edition, revised and enlarged, with Coloured Maps. l8mo. 
2s, 6d, 

III.— HISTORY OF SCOTLAND. By Margaret Macarthur. 
New Edition. i8mo. 2j. 

IV.-HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 
New Edition, with Coloured Maps. iSmo. %s, 6d, 

v.— HISTORY OF GERMANY. By J. Sime, M.A. i8mo. 

VI.— HISTORY OF AMERICA. By John A. Doyle. With 
Maps. i8mo. 4r. 6d, 

VII.— EUROPEAN COLONIES. By E. J. Payne, M.A. With 
Maps. i8mo. 4J. 6d. 

VIII.—FRANCE. By Charlotte M. Yonge. With Maps. 
l8mo. 3x. 6(i, 

GREECE. By Edward A. Freeman, D.C.L. \^In preparation, 
ROME. By Edward A. Freeman, D.C.L. [Tn preparation. 

History Primers— Edited by John Richard Green, M.A., 

LL.D., Author of ** A Short History of the English People." 

ROME. By the Rev. M. Creighton, M.A., late Fellow and 

Tutor of Merton College, Oxford. Witii Eleven Maps. i8iao. \s. 

"The atithur has been curiously successful in telling in an intelligent way 
the story of Rome from first to last." — School Board Chronicle. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor of 

University College, Oxford. With Five Maps. i8mo. u. 
"We give our unqualified praise to this little manual." — Schoolmaster. 

EUROPEAN HISTORY. By E. A. Freeman,. D.C.L., LL.D. 

With Maps. i8mo. is. 

*'The work is always clear, and forms a luminous key to Eur(q[)ean history.'* 
— School Board Chronicls. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, M.A. 
Illustrated. i8mo. \s. 

** Ail that is necessary for the scholar to know is told so compactly yet so fuUy, 
and in a style so interesting, that it is impossible for even the dullest boy to kx>k 
on this little vrork in the same light as he regards his other school books."— School- 
master. 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. i8mo. is, 

"Another vi^uable aid to the study of the. ancient world. ... It contains 
an enormous quantity of information packed into a small space, and at the same time 
communicated in a very readable shape." — ^John Bull. 
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History Primers Ccntimied-- 

GEOGRAPHY. By Sir George Grove, D.C.L. With Maps. 
i8mo. IS, 

"A model of what such a work should be. . . . We know of no short treatise 
better suited to infuse life and spirit into the dull lists of prcper names of which 
our ordinary class-books so oflen almost exclusively consbt.'^TiMES. 

ROMAN ANTIQUITIES. By Professor Wilkins. Illus- 
trated. i8mo. IS. 
*' A little book that throws a blaae of Kght on Roman history, and is, moreorer 
intensely interesting."— School Board Chkomiclb. 

FRANCE. By Charlotte M. Yonge. i8mo. ix. 

"May be considered a wonderfully successful piece of work. ... Its general 
merit as a vigorous and clear sketch, givins in a small space a vivid idea of the 
history of France, remains undeniableT'-^SATURDAY Review. 

Hole. — A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet, is, 

Kiepert— A manual of ancient geography. From 
the German of Dr. H. Kiepert. Crown 8vo. $s, 

Lethbridge. — a short manual of the history of 

INDIA. With an Accoimt of India as it is. The Soil, 
Climate, and Productions ; the People, their Races, Religions, 
Public Works, and Industries ; the Civil Services, and System 
of Administration. By Roper Lethbridge, M.A., C.I.E., 
late Scholar of Exeter College, Oxford, formerly Principal of 
Kishnaghur College, Bengal, Fellow and sometime Examiner of 
the Calcutta Univeriity. With Maps. Crown 8 vo.* $s, 

Michelet. — a summary of modern history. Trans- 
lated from the French of M. Michelet, and continued to the 
Present Time, by M. C. M. Simpson. Globe 8vo. 4/. 6ds 

Ott6.— SCANDINAVIAN HISTORY. By E. C. OTTfi. With 
Maps. Globe 8vo. 6s. 

Ramsay.— A SCHOOL HISTORY OF ROME. By G. G. 
Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8vo. [In preparation. 

Tait. — ANALYSIS OF ENGLISH HISTORY, based on Green's 
"Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown 8vo. 3^. 6d. 

Wheeler.— A SHORT history of india and of the 

FRONTIER STATES OF AFGHANISTAN, NEPAUL, 
AND BURMA. By J. Talboys Wheeler. With Maps. 

Crown 8vo. i2s. , . , 

*' It is the best book of the kind we have ever seen, and we recommend it to a place 
in every school library."— Educatiowai.Timbs. 
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Yonge (Charlotte M.).— A parallel history of 

FRANCE AND ENGLAND : consisting of Outlines and Dates. 
By Charlotte M. Yonge, Author of "The Heir of Reddyffe," 
&c., &c. Oblong 4to. 3r. 6d, 

CAMEOS FROM ENGLISH HISTORY.— FROM ROLLO 
TO EDWARD 11. By the Author of "The Heir of Reddyffc." 
Extra fcap. 8vo. New Edition. 5^. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY. — THE WARS IN FRANCE. New Edition. 
Extra fcap. 8vo. 5x. 

A THIRD SERIES OF CAMEOS FROM ENGLISH HISTORY. 
—THE WARS OF THE ROSES. New Edition. Extra fcapu 
8vo. 5^. 

CAMEOS FROM ENGLISH HISTORY— A FOURTH SERIES, 
REFORMATION TIMES. Extra fcap. 8vo. 5^. 

CAMEOS FROM ENGLISH HISTORY. —A FIFTH SERIES, 
ENGLAND AND SPAIN. Extra fcap. 8vo. Ss. 

EUROPEAN HISTORY. Narrated in a Series of Historical 
Selections from the Best Authorities. Edited and arranged by 
E. M. Sewell and C. M. Yonge. First Series, 1003 — 1154. 
New Edition. Crown 8vo. 6s, Second Series, 1088 — 1228. 
New Edition. Crown 8vo. dr. 
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